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Abstract

We aim at gathering information from gravitational interaction in the Universe,
especially in limiting situations, where gravity can be tested at its most extreme
forms.

First we briefly consider perturbations of strong gravity solutions to Einstein
Equations, and the type of signs derived thereof.
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Subsequently, using the solutions to Einstein equations and boundary conditions
we study the kind of constraints to the number of e-foldings in inflation.

Later we analyse a dynamical membrane world in a space-time with scalar bulk
matter described by domain walls, as well as a dynamical membrane world in
empty Anti de Sitter space-time.
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We finally investigate the possibility of having shortcuts for gravitons leaving the
membrane and returning subsequently. In comparison with photons following a
geodesic inside the brane, we verify that shortcuts exist. For some Universes they
are small, but sometimes are quite effective.

In the case of matter branes, we argue that at times just before nucleosynthesis
the effect is sufficiently large to provide corrections to the inflationary scenario,
especially as concerning the horizon problem and the Cosmological Radiation
Background.
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Introduction

Although standard model of particle physics has been established as the
uncontested theory of all interactions down to distances of 10−17m, there are
good reasons to believe that there is a new physics arising soon at the
experimental level.
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Introduction

String theory provides an excelent background to solve long standing problems of
theoretical high energy physics.

M-theory can be a reasonable description of our Universe.

In the field theory limit: described by a solution of the 11-dimensional Einstein
equations with a cosmological constant by means of a four dimensional membrane.
In this picture only gravity survives in the extra dimensions; remaining matter and
gauge interactions are typically four dimensional.
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This avenue presents us a possibility of tackling with two different problems at the
same time, namely provide a means of testing the up to now far from experimental
and observational data string theory, and providing a theoretical framework to
cosmology, whose theoretical background needs a full understanding of quantum
gravity in order to correctly deal with the puzzling question of the initial singularity.
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General Relativity always evaded quantization.

Einstein gravity is a nonrenormalizable theory at a low loop level.

Atempts to include supersymmetry in order to cancel divergencies only postponed
the problem to a higher loop.

String Theory showed a way, from its very basis of how to succesfully quantize
gravity. At the same time, and especially after the discovery of the anomaly
cancellation mechanism (first superstring revolution).
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Strings are quasi unique. Moreover, the further discovery of the duality symmetry,
such a uniqueness has been further enhanced (duality), leading to the concept of a
universal theory: M-theory (largely unknown)

describing an eleven dimensional misterious, master theory, mother of all string
descriptions on their side related by duality, and containing in their field theory
limit a version of 11-dimensional supergravity.
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What can turn a higher dimensional theory into something realistic, describing our
four dimensional world. Some hints are know since almost a century, and which
have been used before in the context of supergravity.

Kaluza Klein approach: extra dimensions are compactified, curled up into a size
that cannot be observed.

Although appealing several problems, being still an active field of inquire. Still
there are proposals where some of these dimensions are large enough to be probed
by microphysics.
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Universe as a Membrane.

Horava and Witten: our universe can be seen as a solution of a higher dimensional
theory.

Strings can be open or closed.

The closed string sector contains gravity and further components. The open string
sector contains matter fields, isolated into their extremities.

The open string extremities containing the matter fields are restrained to live in
the physical universe.
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Randall and Sundrum

The universe as a solution of the higher dimensional field equations with boundary
conditions describing the membrane: full fledged extra dimensions, but with a
warp, such that the effective penetration of gravitons in the extra dimensions is
small, and the effective gravitational interaction is, observationally, four
dimensional.

Possibility that gravitational fields, while propagating out of the brane speed up,
reaching farther distances in smaller time as compared to light propagating inside
the brane, a scenario that for a resident of the brane (as ourselves) implies
shortcuts.
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FRW Brane Universe.

The brane evolves in a non-trivial way in a static AdS background, we can
construct explicitly the causal structure of null geodesics leaving and subsequently
returning to the brane.

Shortcuts are common, although harmless at the present days (the delay is
vanishingly small), but could be large in the era before nucleosynthesis if high
redshits were available.
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Strings and Observations

Moreover, one of the main goals of string theory nowadays is to prove itself able of
coping with experimental evidences.

Branes: useful tools to understand the physics of strings and M-theory.

Brane Universes: relics of extra dimensions in the cosmic microwave background.

If inflation took part on the brane, the causal structure can be changed by
gravitational shortcuts.

We may have distinct predictions in the cosmic microwave background structure
for inflationary models.
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Further Motivations and Brane Cosmology

Planck mass: natural scale where string effects becomes important.

Not possible in accelerators.

Cosmology: alternative laboratory for string theory.

General relativity in higher dimensions together with scalar and tensor fields.
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Extensive used of specific properties of strings, such as the T-duality may provide
simple explanations of several properties of the universe, though of course an
observational check is always missing. Nonetheless, a pre big-bang scenario turns
out to be described, providing a very sophisticated physical picture of the universe.
Several solutions indicating inflationary results have been obtained, in what is now
usually called brane cosmology.
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CMB data

Cosmic Microwave Background: pioneering COBE satelite, WMAP.

Avenue for precision cosmology: results with error bars less and a percent are now
available.

A chance of favouring, or discarding, string inspired models of cosmology, or brane
cosmology.

Information from the Universe: Cosmological Branes and Perturbation of Strong Gravity Elcio Abdalla



18

Towards Inflation

Scalar potential directly from string theory has been an important issue.

Scalar interaction from a brane-brane interaction.

Different and new forms for the inflaton potential have been derived, showing that
at least one can hope to derive inflationary models directly from the properties
which caracterize string theory and its consequences.
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Perturbations of Einstein Equations in a General Setup and consequences

Exact solutions of Einstein Equations are many, but reality can be much more
difficult, and much more is needed.
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Perturbations of Black Hole Solutions

Wave dynamics outside black holes.

Schematic picture regarding the dynamics of waves outside a spherical collapsing
object.

Static observer outside BH: three successive stages of the wave evolution.

Initial pulse.

Quasi–normal ringing (information about the structure of the background
spacetime; and is believed to be a unique fingerprint to the black hole existence).

Gravitational wave observation.

At late times, quasinormal oscillations are swamped by the relaxation process.
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Relaxation: Price, power law tail.

Further results on non asymptotically flat spaces.

Inclusion of charges.
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Hod and Piran: usual inverse power–law accompanied by an oscillatory behavior,
with self interactions.

Non–asymptotically flat exteriors of Schwarzschild–de Sitter and RN de Sitter
black holes: exponential decay.

Inverse power–law tails as seen in asymptotically flat black hole spacetimes are not
a general feature of wave propagation in curved spacetime.

Besides some relation to the perturbative field, the relaxation process reflects a
characteristic of the background geometry.
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AdS

Anti–de Sitter/Conformal Field Theory (AdS/CFT) correspondence makes the
investigation in AdS black hole background more appealing.

The quasinormal frequencies of AdS black hole have direct interpretation in terms
of the dual Conformal Field Theory (CFT).

In terms of the AdS/CFT correspondence, the black hole corresponds to an
approximately thermal state in the field theory, and the decay of the test–field
corresponds to the decay of the perturbation of the state.

Real and imaginary parts of the quasinormal frequencies scale linearly with the
black hole temperature. The time scale for approaching the thermal equilibrium is
detected by the imaginary part of the lowest quasinormal frequency and is
proportional to the inverse of the black hole temperature.
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AdS

Considering that the RN AdS solution provides a better framework than the
Schwarzschild AdS geometry and may contribute significantly to our
understanding of space and time.

Charge in RN AdS black hole showed a richer physics concerning quasinormal
modes and further information on AdS/CFT correspondence.

The bigger the black hole charge is, the quicker for their approach to thermal
equilibrium in CFT.
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New window of information from the cosmos by means of the hopefully nearly
coming discovery of gravitational waves.

Especially strong when emitted by black holes.

Small but non vanishing (and positive) cosmological constant.
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Quasi Normal Modes

First described by G. Gamow in the content of nuclear physics, the wave describes
properties more connected with the background space rather than the font itself.

Also WKB method: accurate and systematic means to find quasinormal modes.
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The results cannot in general be obtained in analytic form, but describe reasonably
the behaviour of waves scattered by the black hole solutions providing information
about the caracteristics of the background.

Our intention here is to provide methods for dealing with perturbations of strong
gravity solutions.
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Scalar, Electromagnetic and Gravitational Perturbations

Schwarzschild-de Sitter metric:

ds2 = −h(r)dt2 + h(r)−1dr2 + r2
(
dθ2 + sin2 θdφ2

)
, (1)

h(r) = 1− 2m
r
− Λr2

3
. (2)
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m is the black hole mass. Λ = 3
a2.

r+ =
2

Λ1/2
sin
[

1
3

sin−1
(

3mΛ1/2
)]

, (3)

rc =
2

Λ1/2
sin
[

1
3

sin−1
(

3mΛ1/2
)

+
2π
3

]
, (4)

rn = −(r+ + rc) . (5)

Information from the Universe: Cosmological Branes and Perturbation of Strong Gravity Elcio Abdalla



30

a2 = r2
+ + r2

c + r+rc , (6)

2ma2 = r+rc(r+ + rc) , (7)
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‘Tortoise” radial coordinate

x(r) =
1

2κc
ln(rc − r)−

1
2κ+

ln(r − r+) +
1

2κn
ln(r − rn) , (8)

κi =
1
2

∣∣∣∣dh(r)
dr

∣∣∣∣
r=ri

. (9)

κ+ and κc: surface gravity associated with the event and cosmological horizons.
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Scalar field Φ
∇2Φ = 0 , (10)

Φ =
∑
`m

1
r
ψes` (t, r)Y`(θ, φ) , (11)
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− ∂
2ψes`
∂t2

+
∂2ψes`
∂x2

= V es(x)ψ` , (12)

with the effective potential V es given by

V es(r) = h(r)
[
`(`+ 1)
r2

+
2m
r3
− 2
a2

]
. (13)
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In the non charged black hole geometry, it is possible to have pure electromagnetic
and gravitational perturbations. In this case, the potential of the corresponding
Schrödinger type equation is given by the expression

V el(r) = h(r)
`(`+ 1)
r2

. (14)
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V ax(r) = h(r)
[
`(`+ 1)
r2

− 6m
r3

]
, (15)

V po(r) =

2h(r)
r3

9m3 + 3c2mr2 + c2(1 + c)r3 + 3m2(3cr − Λr3)
(3m+ cr)2 ,

(16)

with c = (`− 1)(`+ 2)/2 = [`(`+ 1)− 2] /2.
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For perturbations with ` > 0, we can show explicitly that the effective potentials
V (x) ≡ V (r(x)) are positive definite. For scalar perturbations with ` = 0, its
effective potential has one zero point xn, and it is negative for x > xn.
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Numerical and Semi-analytic Methods

Characteristc integration

u = t− x and v = t+ x:

− 4
∂2

∂u∂v
ψ(u, v) = V (r(u, v))ψ(u, v) . (17)
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ψ(u = u0, v) = exp
[
−(v − vc)2

2σ2

]
, (18)

ψ(u, v = v0) = 0 . (19)
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ψ(N) = ψ(W ) + ψ(E)− ψ(S)

−∆2V (S)
ψ(W ) + ψ(E)

8
+O(∆4) , (20)

N = (u+ ∆, v + ∆), W = (u+ ∆, v), E = (u, v + ∆), S = (u, v) and
S = (u+ ∆/2, v + ∆/2).
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After the integration is completed, the values ψl(umax, v) and ψl(u, vmax) are
extracted, where umax (vmax) is the maximum value of u (v) on the numerical
grid. Taking sufficiently large umax and vmax, we have good approximations for
the wave function at the event and cosmological horizons.
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Non-characteristc integration

ψ′′(t, x) =
ψ(t, x+ 2dx)− 16ψ(t, x+ dx) + 30ψ(t, x)− 16ψ(t, x− dx) + ψ(t, x− 2dx)

12dx2
,

(21)

ψ̈(t, x) =
ψ(t+ dt, x)− 2ψ(t, x) + ψ(t− dt, x)

dt2
. (22)

E =
1
2

∫ (
(ψ′(t, x))2 +

(
ψ̇(t, x)

)2

+ V ψ(t, x)2

)
dx. (23)
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Exhaustive analysis of the asymptotic behavior

ψ(0, x) = C0 exp
[
−(x− x0)2

2σ2
0

]
,

ψ̇(0, x) = C1 exp
[
−(x− x1)2

2σ2
1

]
. (24)

Results do not depend on the details of initial conditions, are compatible with the
ones obtained by the usual characteristic integration.

ψ̇(0, x) determines the asymptotic value for the ` = 0 modes of scalar fields.
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WKB analysis

d2ψ(x)
dx2

−
[
s2 + V (x)

]
ψ(x) = 0 . (25)

lim
x→−∞

ψ̂` e
sx = 1 , (26)

lim
x→+∞

ψ̂` e
−sx = 1 . (27)
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s = iω: usual quasinormal mode boundary conditions. ω (or s) are called
quasinormal frequencies.

High order WKB approximation scheme: by

ωn = (V0 + P )− i
(
n+

1
2

)(
−2V (2)

0

)1/2

(1 +Q) (28)

P =
1
8

[
V

(4)
0

V
(2)
0

](
1
4

+ α2

)
− 1

288

[
V

(3)
0

V
(2)
0

]2 (
7 + 60α2

)
, (29)

Q =
1

−2V (2)
0

 5
6912

[
V

(3)
0

V
(2)
0

]4 (
77 + 188α2

)
− 1

384

[
V

(3)2
0 V

(4)
0

V
(2)
0

] (
51 + 100α2

)

+
1

2304

[
V

(4)
0

V
(2)
0

]2 (
67 + 68α2

)
+

1
288

[
V

(3)
0 V

(5)
0

V
(2)2
0

] (
19 + 28α2

)
Information from the Universe: Cosmological Branes and Perturbation of Strong Gravity Elcio Abdalla



45

− 1
288

[
V

(6)
0

V
(2)
0

] (
5 + 4α2

)}
(30)

α = n+ 1/2
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Intermediary Region in Parameter Space

Scalar Fields with ` = 0

Zero angular momentum sector.

Constant tail.
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Fields with ` > 0

We can have scalar and vector fields with angular momentum ` = 1, and with
` > 1.

Three phases confirmed.

Separation of the horizons increases: quasinormal frequencies deviate from those
predicted before.
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Figure 1: Graph of the real and imaginary part of the fundamental frequencies (n = 0) with
κ+. The dotted lines are the near extreme results, the symbols are the numerical results and the
continuous curves are the semi-analytic results.
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Agreement is good, for the hole range of Λ.

In the table 1, we illustrate these observations with a few values of Λ.
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Numerical Semi-analytical
` Λ Re(ω) -Im(ω) Re(ω) -Im(ω)

1 1.000E-5 2.930E-01 9.753E-01 2.911E-01 9.780E-02
1.000E-4 2.928E-01 9.764E-02 2.910E-01 9.797E-02
1.000E-3 2.914E-01 9.726E-02 2.896E-01 9.771E-02
1.000E-2 2.770E-01 9.455E-02 2.753E-01 9.490E-02
1.000E-1 8.159E-02 3.123E-02 8.144E-02 3.137E-02

2 1.000E-5 4.840E-01 9.653E-02 4.832E-01 9.680E-02
1.000E-4 4.833E-01 8.948E-02 4.830E-01 9.677E-02
1.000E-3 4.816E-01 8.998E-02 4.809E-01 9.643E-02
1.000E-2 4.598E-01 8.880E-02 4.592E-01 9.290E-02
1.000E-1 1.466E-01 3.068E-02 1.466E-01 3.070E-02

Table 1: Fundamental frequency (n = 0) of the scalar field, obtained using the numerical and
semi-analytical methods.
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Numerical Semi-analytical
` Λ Re(ω) -Im(ω) Re(ω) -Im(ω)

1 1.000E-5 2.481E-01 9.226E-02 2.459E-01 9.310E-02
1.000E-4 2.481E-01 9.223E-02 2.457E-01 9.307E-02
1.000E-3 2.475E-01 9.176E-02 2.448E-01 9.270E-02
1.000E-2 2.374E-01 8.839E-02 2.352E-01 8.896E-02
1.000E-1 8.035E-02 3.027E-02 8.023E-02 3.033E-02

2 1.000E-5 4.577E-01 8.985E-02 4.571E-01 9.506E-02
1.000E-4 4.575E-01 8.991E-02 4.569E-01 9.502E-02
1.000E-3 4.559E-01 9.439E-02 4.551E-01 9.464E-02
1.000E-2 4.371E-01 8.941E-02 4.364E-01 9.074E-02
1.000E-1 1.458E-01 3.037E-02 1.458E-01 3.038E-02

Table 2: Fundamental frequency (n = 0) of the electromagnetic field, obtained using the
numerical and semi-analytical methods.
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Numerical Semi-analytical
` Λ Re(ω) -Im(ω) Re(ω) -Im(ω)

2 1.000E-5 3.738E-01 8.883E-02 3.731E-01 8.921E-02
1.000E-4 3.737E-01 8.880E-02 3.730E-01 8.918E-02
1.000E-3 3.721E-01 8.850E-02 3.715E-01 8.888E-02
1.000E-2 3.566E-01 8.538E-02 3.560E-01 8.572E-02
1.000E-1 1.179E-01 3.020E-02 1.179E-01 3.023E-02

Table 3: Fundamental frequency (n = 0) of the axial and polar gravitational fields, obtained
using the numerical and semi-analytical methods.
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Higher modes cannot be obtained from the numerical solution, but can be
calculated by the semi-analytical method. As the cosmological constant decreases,
the real and imaginary parts of the frequencies increase, up to the limit where the
geometry is asymptotically flat.

Behavior of the modes illustrated in figure 2. The behavior of the electromagnetic
field is similar.
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Figure 2: Quasinormal modes of the scalar, axial and polar gravitational fields, for higher
modes.
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Figure 3: Exponential tail for the scalar and electromagnetic fields with ` = 1, and for the
axial and polar gravitational field with ` = 2.
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Figure 3 shows that the massless scalar, electromagnetic and gravitational
perturbations in SdS geometry behave as

ψes` ∼ e−k
es
expt com t→∞ (31)

ψel` ∼ e−k
el
expt com t→∞ (32)

ψax` ∼ e−k
ax
expt com t→∞ (33)

ψpo` ∼ e
−kpoexpt com t→∞ (34)

for t sufficiently large. At the event and the cosmological horizons t is substituted,
respectively by v and u.
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The numerical simulations: interesting transition between oscillatory modes and
exponentially decaying modes.

As the cosmological constant decreases, the absolute value of −Im(ω) decreases
as well.

Up to a certain critical value of Λ we do not observe the exponential tail, since the
coefficient kexp is larger than −Im(ω) thus the decaying quasinormal mode
dominates.

For Λ smaller than this critical value, −Im(ω) turns out to be larger than kexp
and the exponential tail dominates.

For a small enough cosmological constant the exponential tail dominates in the
various cases considered here.
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Figure 4: Approaching of the constants −Im(ω) (fundamental mode) and kexp, for the scalar,
electromagnetic and gravitational fields.
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Figure 5: Dependence of the coefficient kexp with κc and `. The symbols indicate the estimated
numerical values. The solid lines are the appropriate quadratic fittings.
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Perturbations of Early Universe and Relics of Inflation

Not very much is known from the early universe prior to nucleosynthesis.

Cosmic Microwave Background is homogeneous to one part in a hundred
thousand.

Absence of magnetic monopoles and flatness: before nucleosynthesis the universe
underwent an epoch of high inflation.

The universe was filled with nothing but a scalar field.

A very strong expansion, increasing the overall sizes by at least sixty orders of
magnitude.
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Strings and Cosmology: New Methods

Likeliness of the inflationary scenario deepened by the COBE/WMAP experiments.

However, very little is known about a possible derivation of inflation from first
principles.

Search of experimental support of string theory.

Both can find a meeting point, what would be a new era in the physics of
fundamental objects.
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The main calculations in inflationary models concern the density perturbations, or
else its Fourier components δ~k. Its modulus squared, |δ~k|

2 defines the power

spectrum, P(~k), which is the main experimental data available from the CMB
results.
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Main Results from Standard Inflationary Models

Inflationary models: cornerstone for the understanding of the origin and evolution
of large scale structure, of the large scale isotropy of the Microwave Background
Radiation and of the flatness of the universe.
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Describe the universe in terms of an unperturbed Friedmann equation, derived
from a perfect fluid of the form

Tµν = pgµν + (ρ+ p)uµuν (35)

ρ energy density, p pressure, uµ fluid four-velocity. uµ = δµ0

ds2 = dt2 − a2(t)δijdxidxj . (36)

Independent modes of perturbations: density, pressure and velocity fields, as well
as pure perturbations of the metric, generating gravitational waves.
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Friedmann equation:

H2 =
8πG

3
ρ− K

a2
(37)

H = ȧ
a Hubble constant, K constant describing the curvature.

Perturbation: δρ, δK describing the observed inhomogeneities. The spectrum pf
perturbations is obtained, from the observational side, from the COBE/WMAP
satelites describing the Cosmic Microwave Background.
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Theoretical side: the large scale quasi-homogeneity of the universe is predicted by
inflation.

Driven by a scalar field coupled to gravity, the inflaton field:

ρ =
1
2
ϕ̇2 + V (ϕ)

p =
1
2
ϕ̇2 − V (ϕ) ,

V (ϕ) is a potential for the inflaton.

ϕ̈+ 3Hϕ̇+ V ′(ϕ) = 0 . (38)
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Inflation: the scale factor increses very fast, as e. g. exponentially.

Potential is almost constant,kinetic energy is very small, giving rise to an effective
cosmological constant, and a de Sitter like expantion. In such a slow roll
approximation we define the very usefull parameters

ε ∼ [V ′/V ]2

η ∼ [V ′′/V ]

ζ ∼ V ′′′V ′′

V ′2

Slow roll approximation: parameters are very small, that is, we neglect the second
derivative of ϕ obtaining

ϕ̇ ≈ − 1
3H

V ′ . (39)
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An observationally important parameter describes the deviation from scale
invariance of the density perturbation, that is,

δ2 ≈ kn−1 ⇒ n− 1 =
d ln δ2

d ln k
. (40)

In terms of the slow roll parameters

n = 1 + 2η − 6ε . (41)

Observations give n near unit, somewhat larger than one at large scales, and
smaller at small scales.
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The junction conditions

The formulation of proper junction conditions at surfaces of discontinuity is a
fundamental problem in gravitational theory. Well-known examples are the
Schwarzschild and Oppenheimer-Snyder problems, which require the junction of
the interior field of a static or collapsing star to the exterior vacuum field.
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In newtonian theory the problem is directly solved by imposing the standard
continuity and jump conditions connecting the potential and its first derivatives
across the surface. In general relativity, however, the gravitational potential is not
only determined by the smoothness of physical conditions but also by the
smoothness of the coordinates we are using to describe spacetime.
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A pioneering work on these subjects was made in 1922 by C. Lanczos; W. Israel
based his landmark formalism forty years later.

G. Darmois derived junction conditions for the special case of a boundary surface,
i.e. a surface through which both the metric and the extrinsic curvature tensor are
continuous.

Darmois-Israel junction/thin-shell formalism, which has found wide application in
general relativity and cosmology, including further studies of gravitational collapse,
the evolution of bubbles and domain walls in a cosmological setting, wormholes
and more recently in brane cosmology.
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Junction formalism as it was first derived by Israel. We also derive the
Darmois-Israel conditions from the gravitational action in the context of
D-dimensional theories and give an alternative approach using distribution theory.
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The Formalism

Spacetime M (riemannian manifold with signature (−+ ++)) with metric
gαβ(xγ) in the coordinate system (xγ).

The absolute derivative of a smooth vector function A defined on a curve on this
spacetime parametrized by t is given by

∇tAα ≡
∂Aα

∂t
+AλΓαλµ

dxµ

dt
. (42)
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Let Σ be a smooth hypersurface in M with metric gij(ξc) in the coordinates ξc,
which separates M into two four-dimensional manifolds M− and M+, each
containing Σ as part of its boundary.
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The unit 4-normal n to this hypersurface in M labels Σ as timelike (spacelike) for
ε(n) ≡ n .n = −1 (1).
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We define a natural frame of three linearly independent tangent vectors eα(i)
associated with the intrinsic coordinates ξi as

eα(i) =
∂xα

∂ξi
, (43)

which gives the induced metric on Σ as

gij ≡ e(i) . e(j) =
∂xα

∂ξi
∂xβ

∂ξj
gαβ . (44)
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The intrinsic covariant derivative of A with respect to ξi is the projection of the
vector ∂A/∂ξj onto Σ,

Ai;j = e(i) .
∂A
∂ξj

=
∂A

∂ξj
−AhΓhij . (45)
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Intrinsic covariant differentiation does not depend on the nature of the embedding.

Non-intrinsic character: the way in which Σ “bends” in M .

Measured by the variations ∂n/∂ξi of the unit normal,

∂n/∂ξi = Kj
i e(j) , (46)

what defines the extrinsic curvature 3-tensor Kij of Σ,

Kij = e(j) .
∂n
∂ξi
≡ ∂xα

∂ξi
∂xβ

∂ξj
∇αnβ = −nγ

(
∂2xγ

∂ξi∂ξj
+ Γγαβ

∂xα

∂ξi
∂xβ

∂ξj

)
. (47)
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Let K−ij , K+
ij be the extrinsic curvatures of Σ associated with its embeddings in

M−, M+. If K−ij 6= K+
ij , Σ is called a singular hypersurface of order one, surface

layer or thin shell. If K−ij = K+
ij , Σ is called a hypersurface of higher order or

boundary surface.
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The Darmois conditions for the joining of M− and M+ through Σ are [66]

[gij] = 0 , (48)

[Kij] = 0 , (49)

where [X] = X+ −X− is the jump of X through the hypersurface Σ.
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A boundary surface satisfies both equations, while a thin shell only satisfies (48).
Condition (49) as it stands is ambiguous since the orientation of the 4-vector field
n has not been specified. The Israel formalism will require the normals in M to
point from M− to M+.

The majority of the existing literature deals with spherical symmetry where the
direction of the normal is clear, but in more complicated cases great care must be
taken.

Information from the Universe: Cosmological Branes and Perturbation of Strong Gravity Elcio Abdalla



82

The Israel formulation of thin shells follows from the Lanczos equation

[Kij]− gij[Ka
a ] = −8πGSij , (50)

or equivalently

[Kij] = −8πG(Sij −
1
2
gijS) , (51)

where Sij is the surface stress-energy tensor of Σ.
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By regarding a thin shell as the limit of a layer of uniform finite thickness ε as
ε→ 0, we can give a heuristic justification for the name surface stress-energy
tensor.
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Let Σ−, Σ+ be the two boundary surfaces separating the finite layer from the
regions M−, M+. In gaussian coordinates the equations of Σ− and Σ+ are
x1 = 0, x1 = ε.
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In terms of the extrinsic curvature tensor and in the gaussian system of
coordinates the Ricci tensor can be written as

4Rij =
∂Kij

∂x1
+ Zij , (52)

where
Zij = 3Rij −KKij + 2Kp

iKpj . (53)
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Integration of the Einstein field equations

Rαβ = −8πG(Tαβ −
1
2
gαβT ) , (54)

through the layer gives

− 8πG
∫ ε

0

(Tij −
1
2
gijT )dx1 = [Kij] +

∫ ε

0

Zijdx
1 . (55)

In the limit ε→ 0 for fixed K−ij , K+
ij , Kij remains bounded inside the layer. Hence,

the integral of Zij tends to zero. Comparing this result with (51) we see that

Sij = lim
ε→0

∫ ε

0

Tijdx
1 . (56)

Thus, Sij is the integral of Einstein’s energy tensor through the thickness of the
layer.
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Matching Conditions from the Action

The problem of junction conditions in the context of D-dimensional theories.

Introduce the concept of domain wall. In a D-dimensional spacetime a domain
wall can be defined as an extended object with D − 2 spatial dimensions, which
divides the spacetime in different domains. Here we will use this term to make
reference to any D − 2 brane moving in D dimensions.
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Let M be a D-dimensional manifold containing a domain wall Σ, which splits M
into two parts M− and M+. The metric must be continuous everywhere, while its
derivatives must be continuous everywhere except on Σ. We will denote Σ± as
being the two sides of Σ.
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Varying the Einstein-Hilbert action in M±,

δSEH = −1
2

∫
Σ±

dD−1x
√
−h gMNnP (∇MδgNP −∇PδgMN) , (57)

nM is the unit normal pointing into M± and the induced metric on Σ± is given by
the tangential components of the projection tensor hMN = gMN − nMnN .

If we contract the quantity in parenthesis with nMnNnP , it vanishes, so we can
replace gMN by hMN .
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The expression (57) contains a normal derivative of the metric variation, which is
discontinuous across Σ according to our initial hypothesis, so the contributions
from M± will not necessarily cancel out.

It is necessary to add a Gibbons-Hawking boundary term on each side of the
domain wall,

SGH = −
∫

Σ±
dD−1x

√
−hK , (58)

with K being the trace of the extrinsic curvature of Σ, i.e. K = hMNKMN where
KMN = hPMh

Q
N∇PnQ.
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The variation of this new term is

δSGH = −
∫

Σ±
dD−1x

√
−h (δK +

1
2
KhMNδgMN) , (59)

δK = −KMNδgMN − hMNnP (∇MδgNP −
1
2
∇PδgMN) +

1
2
KnPnQδgPQ . (60)
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Thus, the total variation is

δSEH + δSGH =
∫

Σ±
dD−1x

√
−h

[
1
2
hMNnP∇MδgNP +KMNδgMN−

−1
2
KnMnNδgMN −

1
2
KhMNδgMN

]
. (61)

The first term in the rhs of (61) can be written as

hMNnP∇MδgNP = ∇̄M(hMNnPδgNP ) +KnMnNδgMN −KMNδgMN , (62)

∇̄ is the covariant derivative associated to h.
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We substitute this last result into (61):

δSEH + δGH =
1
2

∫
Σ±

dD−1x
√
−h (KMN −KhMN)δgMN . (63)

Information from the Universe: Cosmological Branes and Perturbation of Strong Gravity Elcio Abdalla



94

If the domain wall has an action given by

Sdw =
∫

Σ

dD−1x
√
−hLdw , (64)

whose variation is

δSdw =
∫

Σ

dD−1x
√
−h tMNδgMN , (65)

tMN ≡ 2√
−h

δSdw
δhMN

is tangential to the domain wall; we can replace δhMN by

δgMN .
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Variation of the total action S = SEH + SGH + Sdw gives the Darmois-Israel
conditions

[KMN −KhMN ] = −tMN , (66)

where the brackets stand for the jump of K through the domain wall Σ.
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Junction Conditions from Distribution Theory

The Darmois-Israel conditions describe the motion of the domain wall through the
bulk. However, sometimes it will be required to have a static brane, in this case
the Darmois-Israel conditions reduce to some relations between the energy density
and pressure on the brane and the coefficients of the bulk metric. An alternative
derivation of these relations can be done using distribution theory as follows.
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Example: 5-dimensional bulk metric of the form

ds2
(5) = −n2(t, y)dt2 + a2(t, y)γijdxkdxj + b2(τ, y)dy2 , (67)

γij represents a maximally symmetric metric on the 3-brane located in y = 0 with
k = −1, 0, 1 parametrizing the spatial curvature.
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Stress-energy tensor in GAB = κ2
(5)TAB can be written as

TAB = T̂AB + TAB , (68)

T̂AB stress-energy tensor of the matter on the bulk.

TAB: matter content on the brane,

TAB =
δ(y)
b
diag(−ρ, p, p, p, 0) . (69)

ρ and p independent of the position on the brane in order to recover homogeneous
cosmology.
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G̃00 = 3

{
ȧ

a

(
ȧ

a
+
ḃ

b

)
− n

2

b2

(
a′′

a
+
a′

a

(
a′

a
− b
′

b

))
+ k

n2

a2

}
, (70)

G̃ij =
a2

b2
γij

{
a′

a

(
a′

a
+ 2

n′

n

)
− b
′

b

(
n′

n
+ 2

a′

a

)
+ 2

a′′

a
+
n′′

n

}
+

+
a2

n2
γij

{
ȧ

a

(
−ȧ
a

+ 2
ṅ

n

)
− 2

ä

a
+
ḃ

b

(
−2

ȧ

a
+
ṅ

n

)
− b̈
b

}
− kγij , (71)

G̃05 = 3

(
n′

n

ȧ

a
+
a′

a

ḃ

b
− ȧ
′

a

)
, (72)

G̃55 = 3
{
a′

a

(
a′

a
+
n′

n

)
− b2

n2

(
ȧ

a

(
ȧ

a
− ṅ
n

)
+
ä

a

)
− kb

2

a2

}
, (73)
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In order to have a well defined geometry the metric must be continuous across the
brane.

Derivatives with respect to y can be discontinuous in y = 0. Thus, there is a
Dirac delta function in the second derivatives of the metric with respect to y.
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a′′ = â′′ + [a′]δ(y) , (74)

â′′ stands for the non-distributional part of the second derivative of a, [a′] is the
jump of the first derivative across y = 0,

[a′] = a′(0+)− a′(0−) . (75)
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Terms with a delta function appearing in the Einstein tensor must be matched to
the distributional part of the stress-energy tensor in order to satisfy the Einstein’s
equations.

Matching the Dirac delta functions in the components (70) and (71):

[a′]
a0b0

= −
κ2

(5)

3
ρ ,

(76)

[n′]
n0b0

=
κ2

(5)

3
(3p+ 2ρ) ,

0 means that the metric coefficients take their values on the brane.

This result is known as the junction conditions for a static brane embedded in a
generic bulk.
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Application of quantum cosmology:

an upper bound for the number of e-foldings

Motivated by the well-known example of black hole entropy, an influential
holographic principle has put forward, suggesting that microscopic degrees of
freedom that build up the gravitational dynamics actually reside on the boundary
of space-time.

This principle developed to the Maldacena’s conjecture on AdS/CFT
correspondence and further very important consequences, such as Witten’s
identification of the entropy, energy and temperature of CFT at high temperatures
with the entropy, mass and Hawking temperature of the AdS black hole.
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We seek at a description of the powerful holographic principle in cosmological
settings, where its testing is subtle.

The question of holography therein: for flat and open FLRW universes the area of
the particle horizon should bound the entropy on the backward-looking light cone.
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FLRW universe filled with CFT with a dual AdS description: Verlinde revealed
that when a universe-sized black hole can be formed, an interesting and surprising
correspondence appears between entropy of CFT and Friedmann equation
governing the radiation dominated closed FLRW universes.

Generalization broader class of universes including a cosmological constant:
Friedmann equation to Cardy formula holds for de Sitter closed and AdS flat
universes.

However for the remaining de Sitter and AdS universes, the argument fails due to
breaking down of the general philosophy of the holographic principle. In high
dimensions, various other aspects of Verlinde’s proposal have also been
investigated in a number of works.
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Further light on the correspondence Friedmann equation/Cardy formula for
Randall-Sundrum.

CFT dominated universe as a co-dimension one brane with fine-tuned tension in a
background of an AdS black hole, Savonije and Verlinde found the correspondence
between Friedmann equation and Cardy formula for the entropy of CFT when the
brane crosses the black hole horizon.

Confirmed for a brane-universe filled with radiation and stiff-matter,
quantum-induced brane worlds and radially infalling brane.

The discovered relation between Friedmann equation and Cardy formula for the
entropy shed significant light on the meaning of the holographic principle in a
cosmological setting.

A general proof for this corresp. is still difficult at the moment.
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Our motivation here is the use of the correspondence between the CFT gas and
the Friedmann equation establishing an upper bound for the number of e-foldings
during inflation.

Banks and Fischler: the problem of the number of e-foldings in a universe
displaying an asymptotic de Sitter phase, as our own. As a result the number of
e-foldings is not larger than 65/85 depending on the type of matter considered.
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Here we reconsider the problem from the point of view of the entropy content of
the Universe, and considering the correspondence between the Friedmann equation
and Cardy formula in Brane Universes.
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Upper Bound for e-foldings

The existence of an upper bound for the number of e-foldings has been discussed.

In general it is model dependent. Has been obtained in some very simple
cosmological settings, while it is still difficult to be obtained in nonstandard
models.

Using the holographic principle, the consideration of physical details connected to
the universe evolution can be avoided. We have obtained the upper bound for the
number of e-foldings for a standard FRW universe as well as non-standard
cosmology based on the brane inspired idea of Randall and Sundrum models.
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Metric

Starting point: the scalar factor.

Brane cosmology: Darmois-Israel.

ds2
5 = −fdt2 + f−1dr2 + r2dΣ2

K, (77)

f = k + r2

L2 − m
r2, L is the curvature radius of AdS spacetime. k = 0,−1,+1; dΣ2

k

is the corresponding metric on the unit three dimensional section.

Information from the Universe: Cosmological Branes and Perturbation of Strong Gravity Elcio Abdalla



111

Black Hole Horizon

The black hole horizon is located at

r2
H =

L2

2
(−k +

√
k2 + 4m/L2). (78)

Relation between m and the Arnowitt-Deser-Misner (ADM) mass of the five
dimensional black hole M is

M =
3ω3

16πG5
m (79)

ω3 is the volume of the unit 3 sphere.

Information from the Universe: Cosmological Branes and Perturbation of Strong Gravity Elcio Abdalla



112

Metric on the Brane.

Here, the location and the metric on the boundary are time dependent. We can
choose the brane time such that ṙ2 = f2ṫ2 − f .

The metric on the brane is thus

ds2
4 = −dτ2 + r2(τ)dΣ2

3 . (80)
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CFT on the Brane

The Conformal Field Theory lives on the brane, the boundary of the AdS hole.

Energy for a CFT on a sphere with volume V = r3ω3: E = L
rM .

Density of the CFT energy

ρCFT = E/V =
3mL

16πG5a4
=

3m
8πG4a4

. (81)
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Entropy.

Entropy of the CFT on the brane is equal to the Bekenstein-Hawking entropy of
the AdS black hole:

SCFT (4D) = SBH(5D) =
VH
4G5

, VH = a3
Hω3 . (82)

The entropy density of the CFT on the brane is

σ =
S

V
=
a3
Hω3

4G5

1
a3ω3

G5=
G4L

2=
a3
H

2G4La3
. (83)
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From the matching conditions ⇒ cosmological equations in the brane,

H2 = − k
r2

+
m

r4
− 1− (σ/σc)2

L2
, (84)

σc = 3
8πG5L

is the critical brane tension.

Taking σ = σc, (84) reduces to Friedmann equation of CFT radiation dominated
brane universe without cosmological constant.
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If σ > σc or σ < σc, the brane-world is a de Sitter universe or AdS universe,
respectively. Using

ρCFT = E/V =
3mL

16πG5a4
=

3m
8πG4a4

. (85)

Friedmann equation can be written in the form

H2 = − k
a2

+
8πG4

3
ρCFT +

λ

3
, (86)

λ is the effective positive cosmological constant in four dimensions.
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Using ρ = 9mL
16π2a3

H
a4S Friedmann equation becomes

(ȧ)2 + k − 3G4mLS

2πa3
Ha

2
− λ

3
a2 = 0 , (87)

i. e. movement of a mechanical nonrelativistic particle in a given potential.
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For a closed universe there is a critical value for which there is no big crunch:

S <
2πa3

Hλa
4

9G4mL

a≈λ−1/2

→ 2πa3
Hλ
−1

9G4mL
. (88)
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The entropy in such a universe can be rewriten as

S = σV =
4
3
πa34πa3

Ha

3mL
ρ (89)

at the end of inflation.

Take ρ: energy density during inflation, ρ ∼ ΛI.
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Scale factor at the exit of inflation: a ≈ Λ−1/2
I eNe,

Λ−1/2
I : apparent horizon during inflation,

Ne = ln a+
1
2

ln ΛI . (90)

Using now (89) in (88) we get

a < (8πG4ΛIλ)−1/4
, (91)
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Ne <
1
4

ln
ΛI
λ
− 1

4
ln(8πG4) ≈ 64 , (92)

where we used the usual values Λ1/4
I ≈ 1016GeV and λ1/4 ≈ 10−3eV.
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Brane corrections to Friedmann equation

H2 = − k
a2

+
8π

3M2
4

ρ+
4π

3M2
4

ρ2

l
+
λ4

3
≈ − k

a2
+

4π
3M2

4

ρ2

l
+
λ4

3
, (93)

l is the brane tension; in the very high energy limit the ρ2 term dominates.
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Within the high-energy regime, the expansion laws corresponding to matter and
radiation domination are slower than in the standard cosmology.

Slower expansion rates lead to a larger value of the number of e-foldings.
However, the full calculation has not been obtained due to the lack of knowledge
of this high-energy regime.

Information from the Universe: Cosmological Branes and Perturbation of Strong Gravity Elcio Abdalla



124

Energy density of the CFT and the entropy density relation:

ρCFT =
3m

8πG4a4
, σ =

a3
H

2G4La3
,

ρ =
9mLS

16π2a3
Ha

4
, (94)

Substitute in the Friedmann equation, and

S2 =
256π4a6

Ha
8ρ2

81m2L2
<

64π3la6
H

243G4m2L2λ3

a8 <
3l

4πG4ρ2λ3
4

, (95)
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Era when the quadratic energy density is important:

l < (1MeV)4.

ΛI ≈ 1064GeV4 and λ ≈ 10−12eV4:

Ne < 75 . (96)
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The number of e-foldings obtained is bigger than the value in standard FRW
cosmology, which is consistent with the arguments in the literature (Liddle).

In summary: upper limit for the number of e-foldings based upon the arguments
relating Friedmann equation and Cardy formula.

Standard FRW universe: agreement with literature.
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Brane inspired cosmology in four dimensions: larger bound. The expansion laws
are slower than in the standard cosmology, and result can again be considered to
be consistent with the known arguments.

Holographic point of view avoids a complicated physics during the universe
evolution and give a reasonable value for the upper bound of the number of
e-foldings.
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Shortcuts: Scenarios

Two kinds of scenarios:

1. Brane wall model based on the exact solution of Einstein Equations and
boundary conditions, where the brane is a socalled domain wall embedded in a
space-time containing a singularity (a type of black hole) and a cosmological
constant.

2. Friedmann-Robertson-Walker type of membrane.
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First Scenario

Gravitational action in a D-dimensional bulk with a scalar field, a bulk dilaton, a
domain wall potential and a Gibbons-Hawking term,

S =
∫
bulk

dDx
√
−g
(

1
2
R− 1

2
(∂φ)2 − V (φ)

)
−
∫
dw

dD−1x
√
−h([K] + V̂ (φ)) ,

(97)
φ the bulk dilaton, K the extrinsic curvature, V (φ) and V̂ (φ) are bulk and
domain wall potentials, g and h bulk and domain wall metrics.

The potentials are here considered to be of the Liouville type:

V (φ) = V0e
βφ , (98)

V̂ (φ) = V̂0e
αφ . (99)
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We consider the bulk metric as being static and invariant under rotation, being
given by

ds2 = −U(r)dt2 + U(r)−1dr2 +R(r)2dΩ2
k , (100)

dΩ2
k is the line element on a D − 2 dimensional space of constant curvature

depending on a parameter k.
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Considerations

We might also consider the brane to have a static metric, in which case the
solution of the bulk would be more complicated.

Metric has mirror symmetry Z2.

Useful for Darmois-Israel conditions.

KMN = − 1
2(D − 2)

V̂ (φ)hMN . (101)

KMN = hPMh
Q
N 5P

nQ , (102)

nM =
1√

U − ṙ2

U

(ṙ , −1 , 0 ... , 0) . (103)
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The ij component of boundary condition:

R′

R
=

V̂ (φ)
2(D − 2)U

√
U − ṙ

2

U
, (104)

00 component is (
R′

R

)−1(
R′

R

)′
=
V̂ ′(φ)
V̂ (φ)

− R
′

R
. (105)
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The equation of motion for the dilaton can be solved

φ(r) = φ? −
α(D − 2)

α2(D − 2) + 1
log r , (106)

R(r) = (α2(D − 2) + 1)CV̂0e
αφ?r

1
α2(D−2)+1 , (107)

φ? and C are arbitrary integration constants.
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The motion of the domain wall is governed by the ij component of the
Darmois-Israel conditions (104). That equation can be written in terms of the
brane proper time τ as

1
2

(
dR

dτ

)2

+ F (R) = 0 . (108)
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The induced metric on the domain wall is Friedmann-Robertson-Walker describes
the evolution of the scale factor R(τ).

This equation is the same as that one for a particle of unit mass and zero energy
rolling in a potential F (R) given by

F (R) =
1
2
UR′2 − 1

8(D − 2)2
V̂ 2R2 . (109)

Solution only exists when F (R) ≤ 0.
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Induced domain wall metric: relation between the time parameter on the brane (τ)
and in the bulk (t),

dt =

√
U +

(
dr
dτ

)2
U

dτ ,

ṙ ≡ dr

dt
=
dr

dτ

dτ

dt
=
dr

dτ

U√
U +

(
dr
dτ

)2 , (110)

dr
dτ = dR

dτ

(
dR
dr

)−1
can be obtained from (108).

(110) describes the motion of a domain wall in the static background as seen by
an observer in the bulk.
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Consider two points on the brane. In general, there are more than one null
geodesic connecting them in the D-dimensional spacetime. The trajectories of
photons must be on the brane and those of gravitons may be outside. We consider
the shortest path for both photons and gravitons.

For the gravitons the geodesic equation is obtained from the bulk metric (static):

r̈g +
(

1
rg
− 3

2
U ′

U

)
ṙ2
g +

1
2
U U ′ − U

2

rg
= 0 . (111)
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The solutions of (110) and (111) in terms of the bulk proper time t were obtained
by means of a MAPLE program. Now we discuss the possibility of shortcuts in
the cases of the various solutions describing different Universes defined by the
domain wall solution.
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Second Scenario

The bulk is a purely Anti-de-Sitter space-time of the form,

ds2 = h(a)dt2 − da2

h(a)
− a2dΣ2,

h(a) = k + a2

l2
, l ∼ 0.1mm is the Randall-Sundrum lenght scale and dΣ2

represents the metric of the three dimensional spatial sections with k = 0 , ±1,

dΣ2 =
dr2

1− kr2
+ r2[dθ2 + sin2(θ)dφ2].
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The brane is localized at ab(τ), where τ is the proper time on the brane. The unit
vector normal to the brane is defined as (overdot and prime superscript denote
differentiation with respect to τ and a respectively)

n = ȧb(τ)dt− ṫ(τ)da . (112)
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The normalization of n implies the relation between the bulk time t and the brane
time τ ,

h(ab)ṫ2 − ȧb2h−1(ab) = 1 (113)

and also the usual FRW expression for the distance in the brane ,

ds2 = dτ2 − a2
bdΣ2 .
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Junction Conditions:
Kij = eαi e

ν
j∇αnν ,

Krr = − abh

(1− kr2)
ṫ ,

Kθθ = −abr2hṫ ,

Kφφ = −abr2 sin2(θ)hṫ

Kττ =
1
hṫ

(
äb +

h′

2

)
.
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With a Z2 symmetric configuration,

Kij =
1
2
κ2

(5)

(
Sij −

1
3
hijS

)
, (114)

we relate the discontinuity in the second fundamental form through the brane and
the energy momentum tensor in the brane, Sij.
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For an isotropic distribution of matter, as given by

Sij = εTuiuj − pT (hij − uiuj) , (115)

dεT
dτ

= −3
ȧb
ab

(εT + pT )

ȧ2
b

a2
b

+
h

a2
b

=
κ4

(5)ε
2
T

36
.
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Introduce an intrinsic non-dynamical energy density ε0 defined by means of
εT = ε0 + ε, pT = −ε0 + p.

ε and p corresponds to the brane matter. Junction condition:

dε

dτ
= −3

ȧb
ab

(ε+ p) (116)
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Modified Friedmann equation:

H2 =
(ȧb
ab

)2

=
Λ4

3
+

1
M2
Pl

(ε
3

+
ε2

6ε0

)
− k

a2
b

,

hierarchy

M−2
PL =

κ4
5ε0
6

(117)

cosmological constant in the brane

Λ4

3
=
(κ4

5ε
2
0

36
− 1
l2

)
. (118)
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Present density of the Universe is

ε(0) = Ω0εc = Ω03M2
PLH

2
0 ,

Ω0 is the ratio of the density and the critical density of the Universe.

Friedmann equation can be written as

H2 =
Λ4

3
+ Ω0H

2
0

aqb0
aqb

(
1 +

Ω0

4(1 + Λ4l2/3)
Lqc
aqb

)
− k

a2
b

, (119)

where Lqc = aqb0l
2H2

0 .
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Phases of evolution of the Universe

We thus verify that there exist three phases in the evolution of the Universe.

When ab >> Lc the linear term in the energy density prevails in the Friedmann
equation, leading to the standard cosmology.

Because H0l ∼ 10−29 this happens in a redshift of ab0/ab ∼ 1015, much earlier
than the nucleosynthesis.

For ab << Lc the Universe expands at a slower pace as compared to the standard
model, ab ∝ τ1/q, and the quadratic term is the prevailing one. In an intermediate
era where ab ∼ Lc, both phases coexist.
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We see that all the cosmological information is already known: the position of the
brane in the extra dimension, ab(τ), is just the scale factor of the FRW metric and
the junction conditions imply that the cosmological evolution of the brane is
obtained by the usual energy conservation and the modified Friedmann equations.
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We are particularly interested in the evolution of the brane with respect to the
bulk. This relation can be obtained using

h(ab)ṫ2 − ȧb2h−1(ab) = 1 (120)

and transforming from the time of the brane to the time of the bulk. The position
of the brane can also be treated as a function of the bulk proper time satisfying

dab
dt

=
dab
dτ

dτ

dt
= ȧb(τ)

h(ab)√
h(ab) + ȧb(τ)2

.
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Solutions of the Geodesic Equation for a Domain Wall

Type I Solutions We define the type I brane solutions as those for which
α = β = 0. Consequently, the potentials become cosmological constants. The
solution also has a constant dilaton φ = φ0. A simple rescaling in the metric leads
us to

ds2 = −U(R)dt2 + U(R)−1dR2 +R2dΩ2
k , (121)

with

U(R) = k − 2MR−(D−3) − 2V0

(D − 1)(D − 2)
R2 , (122)

which corresponds to a topological black hole solution in D dimensions with a
cosmological constant.
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If the domain wall has positive energy density (V̂0 > 0), the relevant part of the
bulk spacetime is R < R(τ), which is the region containing the singularity. If it
has negative energy density (V̂0 < 0), the relevant part is R > R(τ), which is
non-singular unless the wall reaches R = 0.
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Zoom of the event horizon region.

Information from the Universe: Cosmological Branes and Perturbation of Strong Gravity Elcio Abdalla



154

[htb!]

0 0.1 0.2 0.3 0.4 0.5
t

(a)

0.59205

0.59215

0.59225

0.59235

0.59245

0.59255

0.59265

0.59275

0.59285

0.59295

r(
t)

DW
v(0)=0.0012
v(0)=0.0011
v(0)=0.0010

0 2 4 6 8 10 12 14
t

(b)

2.94

2.99

3.04

3.09

3.14

r(
t)

DW
v(0)=−0.01
v(0)=−0.03
v(0)=−0.05

Domain wall motion and geodesics for type I solutions with M = 1/10, V0 = 1 and
V̂0 = 1 in (a) region I and, (b) region II.

Information from the Universe: Cosmological Branes and Perturbation of Strong Gravity Elcio Abdalla



155

Information from the Universe: Cosmological Branes and Perturbation of Strong Gravity Elcio Abdalla



156

[htb!]

−0.04

−0.02

0

0.02

0.04

U
(R

),
 F

(R
)

0.57 0.575 0.58 0.585 0.59
R

(a)

F(R)
U(R)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t

(b)

0.5784

0.5786

0.5788

0.579

0.5792

0.5794

r(
t)

DW
v(0)=0.00013
v(0)=0.000143
v(0)=0.0001435

(a) Zoom of the region where (125) holds from the graph of U(R) and F (R) with
Λ̂ < 0 and M > 0 for type I solutions, (b) Domain wall motion and geodesics for
type I solutions with M = 1/10, V0 = −1 and V̂0 = 1.

Information from the Universe: Cosmological Branes and Perturbation of Strong Gravity Elcio Abdalla



157

[htb!]

−0.7

−0.2

0.3

0.8

1.3

1.8

2.3

U
(R

),
 F

(R
)

0.4 0.9 1.4 1.9 2.4 2.9 3.4 3.9
R

(a)

F(R)
U(R)

0 2 4 6 8 10 12 14
t

(b)

2.95

2.97

2.99

3.01

3.03

3.05

3.07

3.09

3.11

3.13

3.15

3.17

r(
t)

DW
v(0)=−0.0005
v(0)=−0.02
v(0)=−0.05

(a) U(R) and F (R) with Λ̂ > 0 and M < 0 for type I solutions, (b) Domain wall
motion and geodesics for M = −1/10, V0 = 1 and V̂0 = 1.

Information from the Universe: Cosmological Branes and Perturbation of Strong Gravity Elcio Abdalla



158

[htb!]

−0.8

−0.3

0.2

0.7

1.2

1.7

2.2

U
(R

),
 F

(R
)

0.4 0.9 1.4 1.9 2.4 2.9 3.4 3.9
R

(a)

F(R)
U(R)

−0.04

−0.02

0

0.02

0.04

U
(R

),
 F

(R
)

0.585 0.59 0.595 0.6
R

(b)

F(R)
U(R)

(a) U(R) and F (R) with Λ̂ < 0 and M = −1/10 for type I solutions, (b) Zoom of
the event horizon region.

Information from the Universe: Cosmological Branes and Perturbation of Strong Gravity Elcio Abdalla



159

The potential F (R) ruling the evolution of the scale factor is

F (R) =
k

2
−MR−(D−3) − Λ̂R2 , (123)

where the effective cosmological constant on the domain wall is given by

Λ̂ =
1

D − 2

[
V0

D − 1
+

V̂ 2
0

8(D − 2)

]
. (124)
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We shall analyze each of the four cases.

As we have previously stated, the equation of motion has a solution only when
F (R) ≤ 0. This is automatic only if U(R) < 0, i.e. if r is a time coordinate;
therefore, we look for solutions with U(R) > 0. In fact, both conditions,

F (R) ≤ 0 and U(R) > 0 , (125)

can coexist in some cases as we will see in what follows. In order to ilustrate the
following examples we have chosen D = 6 dimensions.
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Λ̂ > 0, M > 0 From the graph of U(R) (see Fig.6) we can choose the initial
condition for the domain wall assuming that

U(R) = k − 2MR−(D−3) − 2V0

(D − 1)(D − 2)
R2 ,

describes a dS-Schwarzschild bulk with event and cosmological horizons when
M > 0 and V0 > 0.
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We thus choose the initial condition for the domain wall inside this region and
where r is a space coordinate. From Fig.6 let us notice that there are two small
regions, rH ≤ r < 0.593 and 2.93 ≤ r < rC, where (125) holds. The results are
shown in Fig.7. We see that for region I the geodesics follow the domain wall for a
while and then decouple falling into the event horizon. For region II all the
geodesics and the domain wall converge to the cosmological horizon rC
independently of the value of V̂0.
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Λ̂ < 0, M > 0 This case describes an AdS-Schwarzschild bulk. The condition
(125) is fullfilled inside a very small range as we can see in Fig.8(a). However, all
the geodesics fall into the event horizon after following some path on the brane
(see Fig.8(b)).
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Λ̂ > 0, M < 0 From Fig.9(a) we choose the initial condition for the domain wall
equation of motion inside the region where (125) holds. As we can see from
Fig.9(b), the domain wall and the geodesic converge to the cosmological horizon
rC. However, after some threshold initial velocity the geodesics diverge to the
timelike naked singularity.
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Λ̂ < 0, M < 0 In this case (108) can only have solution when k = −1. This is a
topological black hole in an asymtotically AdS space. From Fig.10 we see that
there is no solution fulfilling (125) between event and cosmological horizons.
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Type II Solutions
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The type II solutions have α = β/2 and k = 0. The metric is given by

U(r) = (1 + b2)2r
2

1+b2

(
−2Mr

−D−1−b2
1+b2 − 2Λ

(D − 1− b2)

)
, (126)

and the scale factor is

R(r) = r
1

1+b2 , (127)

where

Λ =
V0e

2bφ0

D − 2
, (128)

b =
1
2
β
√
D − 2 . (129)
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The potential is given by the expression

F (R) = −R2(1−b2)
(
MR−(D−1−b2) + Λ̂

)
, (130)

where

Λ̂ =
e2bφ0

D − 2

(
V0

D − 1− b2
+

V̂ 2
0

8(D − 2)

)
. (131)
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There are twelve cases from which we choose those ones where r is a spatial
coordinate. When b2 < D − 1, r is a spatial coordinate if V0 < 0. When
b2 > D − 1, r is spatial if M < 0.

We should also rewrite (125) as

F (r) ≤ 0 and U(r) > 0 . (132)
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Λ̂ > 0, M < 0, b2 > D − 1

In this case U(r) is always positive, whereas F (r) is negative for small r. From
Fig.11 we see that some microscopic shortcuts appear in the very beginning of the
solution and after crossing the domain wall they escape to infinity.
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Λ̂ < 0, M > 0, b2 < 1

This case describes a black (D − 2) brane solution in AdS space. Here there is a
very small region where (132) holds after the event horizon as we can see from
Fig.12. We show the entire domain wall solution and we see that geodesics follow
it and then decouple to fall into the event horizon at later times.
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Λ̂ < 0, M > 0, 1 < b2 < D − 1

This case is also a black brane in AdS space. The region where (132) is respected
is shown in Fig.13. As in the previous case all the geodesics follow the domain wall
and at later times fall into the event horizon.
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Λ̂ < 0, M < 0

As F (r) is always positive for all b2, no solutions to (110) exist.
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Type III Solutions
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The type III solutions have α = 2
β(D−2). In this case, the metric is given by

U(r) = (1 + b2)2r
2

1+b2

(
−2Mr

−1+b2(D−3)

1+b2 − 2Λ
(1 + b2(D − 3))

)
, (133)

scale factor

R(r) = γr
b2

1+b2 , (134)

where

γ =
(

(D − 3)
2kΛ(1− b2)

)1
2

. (135)

The values of Λ and b are the same as those given in (128) and (129).
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The potential F (R) is

F (R) = − (D − 3)b4

2k(1− b2)(1 + b2(D − 3))
−Mγ2b4

(
R

γ

)−(D−3+ 1
b2

)
−

− V̂
2
0 e

2φ0
b γ2

8(D − 2)2

(
R

γ

)−2
(

1
b2
−1
)
. (136)

If V0 > 0, r turns out to be a time coordinate, while for V0 < 0, it is a spatial
coordinate.

From the twelve cases we choose those where it is a spatial coordinate. For all
these solutions the condition (132) applies.
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V0 < 0, M > 0, b2 < 1
(D−1) This case describes a topological black hole in AdS

space. From Fig.14 we can see the region where (132) holds. There are no
shortcuts in this interval, and all the geodesics follow the brane and then either
diverge to infinity or fall into the event horizon.
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V0 < 0, M > 0, 1
(D−1) < b2 < 1 We again have a topological black hole in AdS

space. There is a small interval where (110) has solution as we can see from
Fig.15(a). Our results are shown in Fig.15(b). Notice that the domain wall
equation of motion has a solution only inside the interval shown there. This means
that only a group of geodesics with initial velocity ṙ(0) > vc can meet the domain
wall after a roundabout in the bulk. It is also shown that negative initial velocities
force geodesics to fall into the event horizon.
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V0 < 0, M > 0, b2 > 1 The black hole in AdS space appearing here has round
spatial section. In this case U(r) is always positive (then r is always a spatial
coordinate); however, as we must fulfill (132), we should notice that F (r) ≤ 0 for
r ≥ 3 ∗ 105. We found that shortcuts are possible for several initial velocities if
M = 0.
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The case M > 0 is shown in Fig.16. We have two regions of interest after the
event horizon depending only on the sign of F (r) since U(r) is positive in this
range. In the first region all the geodesics initially follow the brane and fall into
the event horizon at later times. In the second region we have shortcuts again for
several initial velocities.
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V0 < 0, M < 0, b2 < 1
(D−1) Here U(r) is always positive while F (r) is negative in

the range shown in Fig.17. The domain wall and the geodesics diverge after some
time near the end of the range where (110) has a solution.
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V0 < 0, M < 0, 1
(D−1) < b2 < 1 In this case U(r) is always positive while F (r) is

negative for a small range as seen in Fig.18. There are several shortcuts in the
region where the domain wall equation of motion has solution; nevertheless, there
is a threshold velocity after which the geodesics can not return. As we can notice
from Fig.18(b), the last curve displayed here (v(0) = −1.04) can not be consider
a real shortcut since it is not a continuous solution of the geodesic equation, but
represents a transition between shortcuts and geodesics falling into the naked
singularity.
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V0 < 0, M < 0, b2 > 1 Now U(r) is always positive and F (r) will determine the
initial condition for the domain wall equation of motion. As we can see from
Fig.19, several shortcuts appear.
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Domain Wall Time and Time Delays

The time delay between the photon traveling on the domain wall and the
gravitons traveling in the bulk can be calculated as follows. Since the signals cover
the same distance,

∫
dτγ
r(τγ)

=
∫

dtg
rg(tg)

√
U(rg)−

ṙg(t)2

U(rg)
, (137)
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The difference between photon and graviton time of flight can approximately be
written as

∆τ
r
'
∫ τf+∆τ

0

dτγ
r(τγ)

−
∫ τf

0

dτg
r(τg)

, (138)
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In terms of the bulk time

∆τ ' r(tf)
∫ tf

0

dt

(
1

rg(t)

√
U(rg)−

ṙg(t)2

U(rg)
− 1
r(t)

dτ

dt

)
. (139)
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The elapsed bulk time t, the corresponding domain wall time τ and the delays
(139) are shown in Table 4 for all the shortcut examples considered in the present
paper. Notice that ∆τ < 0 for the last geodesic solution in Fig.18 what, in fact,
shows that this curve can not be considered a shortcut (it is probably falling into
the naked singularity).
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Type II Shortcuts

Conditions t τ ∆τ
Fig.11, v(0) = −3050 7.5× 10−5 0.0025 0.0466
Fig.11, v(0) = −1000 4.4× 10−5 0.0014 0.0027

Type III Shortcuts

Fig.15, v(0) = 0.145 1.49 0.970 0.210
Fig.15, v(0) = 0.140 1.75 1.394 0.523

Fig.16, v(0) = −5× 104 0.58 353 3.51
Fig.16, v(0) = −105 1.11 683 26.6

Fig.16, v(0) = −1.2× 105 1.33 823 48.1
Fig.16, v(0) = −1.5× 105 1.69 1058 104

Fig.18, v(0) = −0.8 0.73 0.753 0.123
Fig.18, v(0) = −0.9 0.78 0.808 0.148
Fig.18, v(0) = −1 0.81 0.842 0.111

Fig.18, v(0) = −1.04 0.80 0.831 −0.129
Fig.19, v(0) = −5× 104 0.61 372 4.11

Fig.19, v(0) = −105 1.14 703 29.2
Fig.19, v(0) = −1.5× 105 1.72 1081 112
Fig.19, v(0) = −2× 105 2.42 1568 354

Table 4: Domain wall time τ and time delays ∆τ for shorcuts appearing in Type II
and Type III Solutions
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A Six-Dimensional Model

We consider a six-dimensional model, such as the one constructed by Kanti et. al.
[72]. We also search for a solution of six-dimensional Einstein equation in AdS
space of the form

ds2 = −n2(t, y, z)dt2 + a2(t, y, z)dΣ2
k + b2(t, y, z)

{
dy2 + c2(t, y, z)dz2

}
(140)

where dΣ2
k represents the metric of the three dimensional spatial sections with

k = −1, 0, 1 corresponding to a hyperbolic, a flat and an elliptic space,
respectively.

The total energy-momentum tensor can be decomposed in two parts
corresponding to the bulk and the brane as

T̃MN = T̆
M(B)
N + T

M(b)
N , (141)

Information from the Universe: Cosmological Branes and Perturbation of Strong Gravity Elcio Abdalla



200

where the brane contribution can be written as

T
M(b)
N =

δ(z − z0)
bc

diag (−ρ, p, p, p, p̂, 0) . (142)
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In order to have a well-defined geometry, the metric must be continuous across
the brane; however, its derivatives with respect to z can be discontinuous at the
position of the brane, generating a Dirac δ-function in the second derivatives of
the metric with respect to z [81]. These δ function terms must be matched with
the components of the brane energy-momentum tensor (142) in order to satisfy
Einstein equations. Thus, we obtain the following Darmois-Israel conditions,

[∂za]
a0b0c0

= −
κ2

(6)

4
(p− p̂+ ρ) ,

[∂zb]
b20c0

= −
κ2

(6)

4
{ρ− 3(p− p̂)} , (143)

[∂zn]
b0c0n0

=
κ2

(6)

4
{p̂+ 3(p+ ρ)} .
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A metric of the form (140) satisfying six dimensional Einstein equations is given by

ds2 = −h(z)dt2 +
z2

l2
dΣ2

k + h−1(z)dz2 , (144)

where

dΣ2
k =

dr2

1− kr2
+ r2dΩ2

(2) + (1− kr2)dy2 , (145)

and

h(z) = k + z2

l2
− M

z3 , for AdS-Schwarzschild bulk , (146)

h(z) = k + z2

l2
− M

z3 + Q2

z6 , for AdS-Reissner-Nordström bulk , (147)

with l−2 ∝ −Λ (Λ being the cosmological constant), which describes a black hole
in the bulk, located at z = 0.
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Following [12], we find a further solution by means of a Z2 symmetry inverting the
space with respect to the brane position. That is, considering a metric of the form

ds2 = −A2(z)dt2 +B2(z)dΣ2
(4) + C2(z)dz2 (148)

and the brane to be defined at z = z0, there is a solution given by

A(z), B(z), C(z) , for z ≤ z0 ,

A(z2
0/z), B(z2

0/z), C(z2
0/z)

z2
0
z2 , for z ≥ z0 . (149)

The Z2-symmetry corresponds to z → z2
0/z.
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The static brane still has to obey the Darmois-Israel conditions (143), which for
the metric (144) are written as

[∂za]
a2

0c0
= −

κ2
(6)

4
ρ ,

[∂zn]
a0c0n0

=
κ2

(6)

4
(4p+ 3ρ) , (150)

where here

[∂za] = −2
l
,

[∂zn] = − h′(z0)√
h(z0)

. (151)
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The Shortest Cut Equation

We consider the metric (140) with k = 0

ds2 = −n2(z)dt2 + a2(z)f2(r)dr2 + b2(z)dy2 + d2(z)dz2 , (152)

where the graviton path is defined equating (152) to zero. Therefore,

∫ r

r0

f(r′)dr′ =
∫ t

t0

√
n2(z)− b2(z)ẏ2 − d2(z)ż2

a(z)
dt ≡

∫ t

t0

L [y(t), ẏ(t), z(t), ż(t); t] dt

(153)
which naturally defines a lagrangian density. The Euler-Lagrange equations of L
define the graviton path. We first choose to work at a constant y to check on the
very possibility of (152) allowing shortcuts. In this case the resulting equation is
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simple but far from trivial,

z̈ +
(
a′

a
− 2

n′

n
+
d′

d

)
ż2 +

(
nn′

d2
− a
′

a

n2

d2

)
= 0 . (154)
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For z ≤ z0, a = z/l, n =
√
h(z), and d = 1/

√
h(z). For z ≥ z0 we have to use

the Z2 symmetry showed up in (149).

Notice that this case is equivalent to consider the problem in five dimensions with
the metric shown in [12].
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The most general case includes a y dependence on the graviton path; however, as
we will show in what follows, this dependence turns to be superflous and does not
affect z-equation since (154) is independently satisfied. This conclusion is not
surprising if we notice that the metric (152) is y-independent.
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The two Euler-Lagrange equations considering a y dependence are then given by

(n2 − d2ż2)ÿ + ż

{(
−a
′

a
+ 2

b′

b

)
(n2 − d2ż2)− nn′+

+dd′ż2 + d2z̈
}
ẏ + b2

(
a′

a
− b
′

b

)
żẏ3 = 0 (155)

and

(n2 − b2ẏ2)z̈ +
{(

a′

a
+
d′

d

)
(n2 − b2ẏ2)− 2nn′+

+2bb′ẏ2
}
ż2 + (b2ẏÿ)ż+

+
{
− a′

ad2
(n2 − b2ẏ2) +

nn′ − bb′ẏ2

d2

}
(n2 − b2ẏ2) = 0 . (156)
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It is clear that the case ẏ = 0 is a solution of this set of equations when at the
same time z obeys (154).

This set of equations can be handled leading to

zżẏ

h(z)
Fz +

(
h(z)− ż2

h(z)

)
Fy = 0 ,(

1− z
2ẏ2

h(z)

)
Fz +

zżẏ

h(z)
Fy = 0 , (157)

where

Fy = ÿ + ż

(
2
z
− h

′(z)
h(z)

)
ẏ ,

Fz =
z̈

z
+
ż2

z2

(
1− 3

2
z
h′(z)
h(z)

)
+
h(z)
z

(
h′(z)

2
− h(z)

z

)
. (158)
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Since the determinant of the set (157) is non-zero, the solutions of (155) and
(156) must satisfy Fy = 0 and Fz = 0 independently. Furthermore, let us notice
that Fy = 0 and Fz = 0 are the null geodesic equations for y and z respectively
obtained from

ẍα + Γαµνẋ
µẋν = λẋα . (159)

Thus, a null curve is extreme if and only if it is a null geodesic.

Then, as (158) is the same as (154), our problem is reduced to the previous case
with constant y described by (154).

For k 6= 0 cases we can also consider (154) as the shortcut equation if we assume
the existence of a y-symmetry in our problem. In this way, our model represents a
generalization of [12].
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AdS-Schwarzschild Bulk

From the Darmois-Israel conditions (150) together with (151) we have

h

z2
0

=
κ4

(6)ρ
2

64
, (160)

h′

2z0
= −

κ4
(6)ρ

2

64
(4ω + 3) , (161)

and we can obtain the black hole mass M as a function of the brane energy
density ρ, while ρ is fixed by a fine-tunning,

M

z5
0

=
2
5
k

z2
0

− (ω + 1)
κ4

(6)ρ
2

40
, (162)
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κ4
(6)ρ

2

64
= − 3k

z2
0(8ω + 3)

− 5
(8ω + 3)l2

, (163)

where ω = p/ρ.
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[htb!]
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z

h(z) in six-dimensional AdS-Schwarzschild bulk with the brane located at z = 1/3.
Notice that the singularity is shielded by a horizon.
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Shortcuts for several initial velocities in six-dimensional AdS-Schwarzschild bulk.
Notice that there is a threshold initial velocity for which the graviton can not return
to the brane and falls into the event horizon.
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h(z) in five-dimensional AdS-Schwarzschild bulk with the brane located at z = 1/2.
Notice that the singularity is shielded by a horizon.
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Shortcuts for several initial velocities in five-dimensional AdS-Schwarzschild bulk.
As in the six dimensional case, there is a threshold initial velocity for which the
graviton can not return to the brane and falls into the event horizon.
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As we saw in the previous section, the shortcuts in six dimensions are determined
from (154). We should also remember that the brane is static at z = z0.

If a shortcut exists, there must be a time t = v in the graviton path when
ż(v) = 0 and z̈(v) ≥ 0. Thus, (154) evaluated at this point will give

z̈(v) + h(zv)
(
h′(zv)

2
− h(zv)

zv

)
= 0 . (164)
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It is obvious that this minimum must be between the brane and the event horizon
zh, if a horizon exists. Otherwise, there is no turning point in the path since the
graviton can not return after it goes through the event horizon. Hence, h(zv) > 0.
Thus, from (164) we require

F (zv) =
h′(zv)

2
− h(zv)

zv
≤ 0 for zh < zv < z0 . (165)

Using (146) this implies

F (zv) =
5
2
M

z4
v

− k

zv
≤ 0 . (166)

This equation has a zero in z = zf 6= 0 for k 6= 0

z3
f =

5
2k
M .

Thus, for the k = 0 or k = −1 cases there is no positive root. Since the mass, M ,
is positive, F (z) > 0 everywhere preventing the coexistence of shortcuts and
horizons.
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On the other hand, for k = 1 there is one real and positive root, which must
satisfy zf < z0 in order to have shortcuts. This is

5M
2z3

0

− 1 < 0 .

Taking into account (162) and the fact that ε2 must be positive in (163) 1

− 4(ω + 1)ε2z2
0 < 0 , (167)

then
ω + 1 > 0 . (168)

1From now on, we will denote ε2 = κ4
(6)ρ

2/64 in six dimensions.
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Now, let us study the conditions under which the event horizon must appear. In
general, the horizons occur at the zeros of h(z), or equivalently at the zeros of

z5 + z3l2 − l2M .

In the meantime, the non-vanishing zeros of h′(z) occur when

2z5 + 3l2M = 0 .

Since the derivative has no positive zeros with M > 0, there is just one event
horizon. Then as h(z) goes to −∞ at the origin, the conditions

M > 0 (169)

and
h(z0) > 0 (170)

are necessary and, in fact, enough to have a horizon and assure that the brane lies
after it.
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The condition (170) is automatically satisfied due to equation (160).

To fulfill (169) let us substitute (163) into (162) to have

(ω +
3
4

) + (ω + 1)
z2

0

l2
< 0 .

If ω + 1 ≤ 0, this condition is always satisfied, but this configuration does not
produce shortcuts as we would like. However, the condition is also satisfied with
ω + 1 > 0 if we require

− 1 < ω < −3
4
, (171)

and
z2

0

l2
< −ω + 3/4

ω + 1
. (172)
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If we follow both (171) and (172) together with the fine-tunning for the energy
(163), we will have several shortcuts in AdS-Schwarzschild bulks with shielded
singularity. In figures 20 and 21 we illustrate an example with ω = −4/5,
z0 = 1/3, and l = 1. Notice in figure 20 that the horizon appears before the brane.
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Since this case is equivalent to consider the problem in five dimensions with h(z),
M and ρ given in [12], analogous results are obtained. In this case, the
fine-tunning in the energy is given by 2

ε2
(5) = − 1

3ω + 1

(
1
z2

0

+
2
l2

)
, (173)

and ω is confined to

− 1 < ω < −2
3
, (174)

while the brane position is given by

z2
0

l2
< −ω + 2/3

ω + 1
. (175)

2In this case ε2
(5) = κ4

(5)ρ
2/36.
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An example is shown in figures 22 and 23 for ω = −3/4, z0 = 1/2, and l = 1.
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AdS-Reissner-Nordström Bulk

From the Darmois-Israel conditions (150) we will have for the black hole mass and
charge,

M

z5
0

=
2k
z2

0

+
8

3l2
+
κ4

(6)

24
ρ2ω ,

Q2

z8
0

=
k

z2
0

+
5

3l2
+

8ω + 3
3

κ4
(6)ρ

2

64
. (176)

At this stage it is convenient to carefully study the possibility of existence of
shortcuts for every value of k.
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k = 0 and k = −1 Cases As it was found in the AdS-Schwarzschild case, (165)
determines the existence of shortcuts. Using (147) we see that (165) has a zero in
z = zf 6= 0 when

5
2
Mz3

f − 4Q2 − kz6
f = 0 . (177)

If k = 0, we have a real root in

z3
f =

8Q
5M

. (178)

If k = 1, we have two roots in

z3
f =

5
4
M ± 1

4

√
25M2 − 64Q2 . (179)

Finally, if k = −1, we have

z3
f = −5

4
M ± 1

4

√
25M2 + 64Q2 . (180)
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Notice that F (z) has at most one real and positive zero if k = 0,−1 and at most
two positive zeros if k = 1.

Analyzing h(z) and its derivative we see that h(z) tends to +∞ both at the
singularity and at infinity, while h′(z) tends to −∞ at the singularity and to +∞
at infinity.
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The horizons occur at the zeros of h(z), or equivalently, at the zeros of

z8 + l2kz6 − l2Mz3 + l2Q2 = 0 . (181)
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On the other hand, the non-vanishing zeros of h′(z) occur when

2z8 + 3l2Mz3 − 6l2Q2 = 0 . (182)

This polynom grows at infinity being negative at the origin. Its derivative has
non-vanishing roots when

16z5 + 9l2M = 0 . (183)

For M > 0 this equation is never satisfied. Thus, as the derivative of (182) does
not vanish and is positive outside the origin, the polynom (182) grows
monotonically and has just one root. The zeros of this polynom are all
non-vanishing zeros of h′(z). Therefore, we conclude that for positive mass there
is just one zero for h′(z), and hence, at most two horizons for h(z).

Information from the Universe: Cosmological Branes and Perturbation of Strong Gravity Elcio Abdalla



233

When there is one horizon, h′(z) is negative before it and positive after, crossing
h(z) at the very horizon. If there are two horizons, h′(z) vanishes at a point
between Cauchy and event horizons, being negative before this point and positive
after, while h(z) is positive at all points except between both horizons. Taking
into account both the sign and zeros of these functions, h′(z) crosses h(z)
between the Cauchy horizon and the point at which h′(z) vanishes.
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Since h′(z)/2 has the same sign as h′(z) and vanishes at the same point, and in
the same way h(z)/z has the same sign of h(z) and vanishes at the same points,
we conclude that, existing horizons, F (z) necessarily vanishes at some point
z = zc such that 0 < zc ≤ zh. However, as we pointed out before, for k = 0 or
k = −1 there is only one positive root of F (z). As F (z) < 0 for z < zc, then
F (z) > 0 for z > zc. Thus, because zc ≤ zh, F (z) > 0 for z > zh contrary to
what was required in (165). This implies that there are no shortcuts with k = 0 or
k = −1 when horizons exist.

In five dimensions the proof is very similar and we arrive to the same conclusion.
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k = 1 Case As we saw in the previous section, F (z) has two real, positive and
distinct roots for k = 1,

r3
1 =

5
4
M − 1

4

√
25M2 − 64Q2 , (184)

r3
2 =

5
4
M +

1
4

√
25M2 − 64Q2 . (185)

This is the only situation where the shortcuts can coexist with a shielded
singularity. In fact, this situation necessarily requires the second root of F (z)
being at some point before the brane position z0. This also implies F (z0) < 0.
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In addition, we must have both Q2 and M positive.

Given the fact that we have horizons, if the brane is not between them or at a
horizon position, then h(z0) > 0. Furthermore, in order to guarantee that the
brane is located after the event horizon, we also need h′(z0) > 0.

From the discussion in the previous section we will have one or two horizons if and
only if h(r1) ≤ 0.

In summary, shortcuts in bulks with shielded singularities can occur only if k = 1
and also if the following conditions are supplied,
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1. h(z0) > 0 and h′(z0) > 0 to have both horizons before the brane.

2. F (z0) < 0 and r2 < z0 to have shortcuts with shielded singularity.

3. Q2 > 0 and M > 0, which assures the positivity of the black hole mass and
charge.

4. h(r1) ≤ 0 in order to have horizons.
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We will analyze each condition and impose certain restrictions on ω, ρ2, and z0.

Existence of Both Horizons Before the Brane These conditions are the simplest to
analyze since they restrict ω directly from the Darmois-Israel conditions (150)
together with (151)

h(z0)
z2

0

= ε2 , (186)

h′(z0)
2z0

= −(4ω + 3)ε2 . (187)

The condition (186) is automatically satisfied since ε2 > 0.

From the condition (187)
− (4ω + 3)ε2 > 0 , (188)

we have our first restriction
ω < −3/4 . (189)
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Existence of Shortcuts with Shielded Singularity From the definition of F (z),
(165), and using (186) and (187) we see that

0 > F (z0) = −4(ω + 1)ε2z0 . (190)

Thus we find another condition on ω

ω + 1 > 0 . (191)

Besides, from r2 < z0

5M
4
− z3

0 < −
1
4

√
25M2 − 64Q2 . (192)
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This equation will be satisfied if 3

5M
4
− z3

0 < 0 , (193)

or using (176)
3
2
z3

0 +
10
3
z5

0 +
10
3
z5

0ωε
2 < 0 , (194)

and as ω < −3/4

z2
0ε

2 >
1
ω

(
− 9

20
− z

2
0

l2

)
. (195)

3We assume that 25M2 − 64Q2 > 0. We will return to this condition when we discuss the existence of horizons,
where we will impose a stronger restriction, M2 − 4Q2 > 0.
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Positivity of the Black Hole Mass and Charge Because we require the positivity of
the black hole mass, from (176) we have

M

z3
0

> 0 ⇒ z2
0

l2
+ ωε2z2

0 > −
3
4
, (196)

thus,

z2
0ε

2 <
1
ω

(
−3

4
− z

2
0

l2

)
. (197)

Since 3/4 > 9/20 this condition is certainly compatible with (195).

On the other hand, the positivity of the squared black hole charge requires

Q2

z6
0

> 0 ⇒ 1 +
5z2

0

3l2
+
(

8
3
ω + 1

)
z2

0ε
2 > 0 , (198)

so that

z2
0ε

2 <
1

8ω + 3

(
−3− 5z2

0

l2

)
. (199)
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In spite of not being trivial, this equation is also compatible with (195). This
requires

1
ω

(
− 9

20
− z

2
0

l2

)
<

1
8ω + 3

(
−3− 5z2

0

l2

)
, (200)

or

− 1
5

(
ω +

9
4

)
− z

2
0

l2
(ω + 1) < 0 , (201)

what is always true for −1 < ω < −3/4.
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Existence of Horizons This is the last and the more complicated of our conditions.
We must have h(r1) ≤ 0. Let x be r3

1,

x8/3

l2
+ x2 −Mx+Q2 ≤ 0 . (202)

We do not need to do a complete study of this equation. For our purposes it will
be enough to require

x2 −Mx+Q2 < 0 . (203)

Using (184) this implies

M2 − 4Q2 > 0 . (204)

This condition is necessary but not enough to have horizons. However, this
restriction added to the others developed in this section will be enough to
construct shortcuts with horizons as we will see. Notice that this condition is
stronger than that one assumed before, M > 8/5Q.
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Using (176) in (204),

(1− ε2l2) +
16
9
z2

0

l2
(
1 + ωε2l2

)2
> 0 . (205)

We know from (195) that 1− ε2l2 must be negative. Therefore, we must very
carefully analyze (205). We can interpret (205) as a quadratic equation in the
energy (

1 +
16
9
z2

0

l2

)
+
(

32
9
ωz2

0 − l2
)
ε2 +

(
16
9
l2z2

0ω
2

)
ε4 > 0 , (206)

what implies

z2
0ε

2 >
1
32

(
−32ωz2

0 + 9l2 + 3
√
−64ωz2

0l
2 + 9l4 − 64l2z2

0ω
2

)
/(ω2l2) , (207)

or

z2
0ε

2 <
1
32

(
−32ωz2

0 + 9l2 − 3
√
−64ωz2

0l
2 + 9l4 − 64l2z2

0ω
2

)
/(ω2l2) . (208)
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Notice that because −1 < ω < −3/4,

−64ωz2
0l

2 − 64l2z2
0ω

2 = −64ω(ω + 1)z2
0l

2 > 0

and all the previous roots are real and positive.
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Summarizing, from the considerations in the previous sections, we must have for ω

− 1 < ω < −3/4 . (209)

For the energy,

1
ω

(
− 9

20 −
z2

0
l2

)
< z2

0ε
2 < 1

ω

(
−3

4 −
z2

0
l2

)
, or (210)

1
ω

(
− 9

20 −
z2

0
l2

)
< z2

0ε
2 < 1

8ω+3

(
−3− 5z2

0
l2

)
, (211)

depending on which condition is more restrictive.
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In addition,

z2
0ε

2 > 1
32

(
−32ωz2

0 + 9l2 + 3
√
−64ωz2

0l
2 + 9l4 − 64l2z2

0ω
2
)
/(ω2l2) ,(212)

or

z2
0ε

2 < 1
32

(
−32ωz2

0 + 9l2 − 3
√
−64ωz2

0l
2 + 9l4 − 64l2z2

0ω
2
)
/(ω2l2) .(213)
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Now we are going to analyze the situations in which all these conditions are
compatible.

Let us begin our analysis with equation (213). To be compatible with (210) and
(211), we just need

1
ω

(
− 9

20
− z

2
0

l2

)
<

1
32

(
−32ωz2

0 + 9l2 − 3
√
−64ωz2

0l
2 + 9l4 − 64l2z2

0ω
2

)
/(ω2l2) ,

(214)
that is,

− 9
20
ω − 9

32
+

3
32

√
−64ω

z2
0

l2
+ 9− 64

z2
0

l2
ω2 < 0 . (215)

Since 3/4 <| ω |< 1,

− 9
20
ω − 9

32
will always be positive and thus, (215) will never be satisfied. Then, we conclude
that (213) is not compatible either with (210) or (211). This implies that z2

0ε
2

must satisfy (212) together with (210) or (211).
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Let us initially compare (210) with (212). We must have

1
ω

(
−3

4
− z

2
0

l2

)
>

1
32

(
−32ωz2

0 + 9l2 + 3
√
−64ωz2

0l
2 + 9l4 − 64l2z2

0ω
2

)
/(ω2l2) ,

(216)
that is,

− 3
4
ω − 9

32
− 3

32

√
−64ω

z2
0

l2
+ 9− 64

z2
0

l2
ω2 > 0 . (217)

In this case, since ω is negative and 3/4 <| ω |< 1,

−3
4
ω − 9

32
> 0

and (217) can be satisfied if(
−3

4
ω − 9

32

)2

>
9

1024

(
−64ω

z2
0

l2
+ 9− 64

z2
0

l2
ω2

)
, (218)
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or
9
16
ω(ω + 1)

z2
0

l2
+

9
64

(3 + 4ω)ω > 0 . (219)

Since ω + 1 > 0 and 3 + 4ω < 0, for positive z0 the inequality will be only fulfilled
if

z0

l
<

1
2

√
−3 + 4ω

1 + ω
. (220)

So that (212) and (210) can be compatible.
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Now we are going to analyze the compatibility between (212) and (211). We must
have

1
8ω + 3

(
−3− 5z2

0

l2

)
+
z2

0

ωl2
− 9

32ω2
>

3
32ω2

√
−64ωz2

0l
2 + 9l4 − 64l2z2

0ω
2 . (221)

or using that 8ω + 3 < 0, simplifying, and squaring both sides we can write (221)
as

1
16
ω2(3 + 4ω)2 + ω2(ω + 1)2

(
z2

0

l2

)2

+
ω2

2
(3 + 4ω)(ω + 1)

z2
0

l2
> 0 . (222)

This polynom has just one root for z2
0/l

2

z2
0

l2
= −1

4

(
3 + 4ω
1 + ω

)
.
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Since the coeficient of z4
0/l

4 is positive, the inequality is satisfied with the same
condition (220), so we verify that both (211) and (210) are compatible with (212)
under the same restrictions.

Furthermore, let us compare the upper limits of (210) and (211). Suppose

1
ω

(
−3

4
− z

2
0

l2

)
>

1
8ω + 3

(
−3− 5z2

0

l2

)
, (223)

what can also be written as

− 3
4

(4ω + 3)− 3z2
0

l2
(ω + 1) > 0 . (224)

Thus, (223) is satisfied if and only if

z2
0

l2
< −1

4

(
3 + 4ω
1 + ω

)
, (225)
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which is just the same inequality (220), that z0 must satisfy. Hence, between
(210) and (211), it is enough to take into account the latter. Nevertheless, from
(222) notice that (211) would be also compatible with (212) if

z2
0

l2
> −1

4

(
3 + 4ω
1 + ω

)
,

and (223) would be satisfied with a change of sign implying that we should
consider (210) instead of (211); however, as stated before, the compatibility of
(210) and (212) requires

z2
0

l2
< −1

4

(
3 + 4ω
1 + ω

)
,

which contradicts our hypothesis. Therefore, the only possible configuration is
(225).
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At last, we compare the lower limits of (211) and (212). Suppose

1
ω

(
− 9

20
− z

2
0

l2

)
<

1
32ω2l2

(
−32ωz2

0 + 9l2 + 3
√
−64ωz2

0l
2 + 9l4 − 64l2z2

0ω
2

)
,

(226)
or

− 9
20
ω − 9

32
<

3
32

√
−64ω

z2
0

l2
+ 9− 64

z2
0

l2
ω2 .

Squaring and simplifying we obtain

z2
0

l2
> − 9

20(ω + 1)

(
4
5
ω + 1

)
.

For −1 < ω < −3/4 this inequality is always satisfied since the right hand side is
negative. Hence, we conclude that (226) is valid and between the lower limits for
the energy in (211) and (212), we just need to choose the latter.
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h(z) in six-dimensional AdS-Reissner-Nordström bulk with the brane located at
z = 1. Notice that the singularity is shielded by two horizons.
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Shortcuts for several initial velocities in six-dimensional AdS-Reissner-Nordström
bulk. Notice that there is threshold initial velocity for which the graviton can not
return to the brane and falls into the event horizon.
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h(z) in five-dimensional AdS-Reissner-Nordström bulk with the brane located at
z = 1. We see that the singularity is protected by two horizons.
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Shortcuts for several initial velocities in five-dimensional AdS-Reissner-Nordström
bulk. We see that there is threshold initial velocity for which the graviton can not
return to the brane and falls into the event horizon.
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In short, by purely analytic considerations we conclude that shortcuts in bulks
having no naked singularities and a static brane embedded in can only appear if
k = 1 and if the following conditions are satisfied,

1. We must choose ω such that −1 < ω < −3/4;

2. Given ω, the brane must be located at a position such that

z0

l
<

1
2

√
−3 + 4ω

1 + ω
, (227)

which is the same condition as AdS-Schwarzschild case (172);

3. Given (227), the energy ε must satisfy

1
32ω2

(
−32ωz2

0

l2
+ 9 + 3

√
−64ω

z2
0

l2
+ 9− 64

z2
0

l2
ω2

)
< z2

0ε
2 <

1
8ω + 3

(
−3− 5z2

0

l2

)
.

(228)
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In this way, it turns out to be simple to find shortcuts in bulks with shielded
singularities.

As an example, let us choose ω = −9/10. From (227) we must have

z0

l
<

√
6

2
,

then we choose l = 1 and z0 = 1.

From (228) we have
35
24

+
5
72

√
41 < ε2 <

40
21
,

so we choose ε =
√

238/125.
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In figure (24) we plot h(z) with these conditions. Notice that the singularity is
protected by an event horizon and the brane is at z = z0 = 1.

In figure (25) we plot the graviton paths obtained from (154) under the previous
conditions for a variety of initial velocities showing that, in fact, shortcuts appear
when we choose the parameters following the complete analysis shown in this
section.
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The analysis in five dimensions can be performed analogously to six-dimensional
one with

h(z) = 1 +
z2

l2
−M
z2

+
Q2

z4
, (229)

and

M

z4
0

=
2
z2

0

+
3
l2

+ 3ωε2
(5) , (230)

Q2

z6
0

=
1
z2

0

+
2
l2

+ 3ωε2
(5) + ε2

(5) , (231)

arriving to the following restrictions:
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1. We must choose ω such that −1 < ω < −2/3 ;

2. Given ω, the brane must be located at a position such that

z0

l
<

√
−ω + 2/3

1 + ω
; (232)

3. Given (232), the energy ε2
(5) = κ4

(5)ρ
2/36 must satisfy

1
9ω2

(
2− 9

z2
0

l2
ω + 2

√
1− 9

z2
0

l2
ω(ω + 1)

)
< z2

0ε
2
(5) <

1
3ω + 1

(
−1− 2z2

0

l2

)
.

(233)
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As an example, we choose ω = −7/8. From (232) we must have

z0

l
<

√
15
3

,

so we choose l = 1 and z0 = 1.

From (233) the energy must fulfill

632
441

+
16
441

√
127 < ε2

(5) <
24
13
,

then we choose ε(5) =
√

461/250.

In figure (26) we can see h(z) according to the previous conditions. As in the six
dimensional case, the singularity is protected by an event horizon, and the brane is
at z = z0 = 1.
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In figure (27) we show several graviton paths obtained under the previous
conditions for several initial velocities showing that shortcuts appear when we
choose the parameters following the analysis shown in this section analogously to
the six dimensional case.
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The FRW-Brane evolving in the Bulk

The main reason to study the evolution of the brane from the point of view of the
bulk is to simplify the analysis of gravitational signs leaving and subsequently
returning to the brane. In fact in the static AdS backgound, the equation for a
null geodesic in the bulk, a = a(t), is particularly simplified [11],

ä(t)
a

+
ȧ2(t)
a2

(
1− 3h′(a)a

2h(a)

)
+
h(a)
a

(h′(a)
2
− h
a

)
= 0 . (234)
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On the other hand, the evolution of the brane in the bulk, a = ab(t), at early
times, ab << Lc, is dictated by

dab
dt

=
h(ab)√

1 + h(ab)
ȧb(τ)2

= h(ab)
(

1 +
k + a2

b
l2

Ω2
0

4(1+l2Λ4)
L

2q
c

l2a
2q−2
b

)−1/2

,

where we used the fact that the quadratic term in the energy prevails. Thus,

dab
dt

= h(ab)
(

1 +
4(1 + l2Λ4)

Ω2
0

a2q
b

L2q
c

(1 + kl2/(a2
b))
)−1/2

,

and, for ab << Lc, since the observed cosmological constant is at most Λ4 ∼ H2
0 ,

Λ4l
2 << 1 we have

dab
dt
≈ h(ab)

(
1− 2(1 + l2Λ4)

Ω2
0

a2q
b

L2q
c

(1 + kl2/(a2
b))
)

. (235)
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Substituting the result for the evolution of the brane, ȧ(t) = h(a), in the geodesic
equation (234), we verify that it is satisfied. Therefore, the trajectory of the brane

differs from the trajectory of the null geodesic by a term of the order
(
ab
Lc

)2q

.

This means that for ab << Lc, the trajectory of the brane in the bulk is governed
by

dab(t)
dt

= k +
a2
b

l2
. (236)
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Thus, if k = 0,

ab(t) =
ab(0)l2

l2 − ab(0)t
(237)

and, if k = −1,

ab(t) =
2l(l + ab(0))

e2t/l(l − ab(0)) + l + ab(0)
− l . (238)

In this last situation, if the Universe begins under the Randall-Sundrum scale,
a(0) < l, it will recolapse to the singularity in a finite time,

t =
l

2
ln
(l + ab(0)
l − ab(0)

)
.

Indeed, there is an event horizon when a = l if k = −1.
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In the case of an eliptic Universe,

ab(t) = l tan
(t
l

+ tan−1
(ab(0)

l

))
. (239)

Starting at the singularity t0 = τ0 = ab(t0) = 0, we have

ab(t) = l tan
(t
l

)
. (240)

Note that the evolution of the brane in the bulk is linear near the initial singularity
(a(t) ∼ t for t << l), diverging at the critical time tc = π

2 l. In fact, the behaviour
of all solutions is similar near the critical time

tc =
l2

ab(0)
;

tc =
l

2
ln
(l + ab(0)
ab(0)− l

)
;
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tc =
π

2
l − l tan−1

(ab(0)
l

)
(241)

for k = 0, −1, +1 respectively.

As we approach the critical time ab(t) increases quickly. When ab(t) ∼ Lc
equation (236) is no longer valid, and the trajectory of the brane is no longer a
geodesic. Thus, for a very short period, from the point of view of the bulk the
brane undergoes a phase transition. In figure 28 this behaviour is shown in terms
of the numerical solution of eq. (??) for a radiation dominated eliptic Universe.

Before the critical time, from the point of view of the bulk, there is no time left
for the remaining graviton geodesics to reach the brane. This is in fact the kind of
behaviour that we find in numerical studies of the complete equation for the
evolution of the brane and null geodesics as in the example of figure 29.

On the other hand, for later times the evolution of the brane is softer, and
shortcuts appear, as exhibited in fig. 30.
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Evolution of the brane in the bulk at the intermediate epoch ab ∼ 0.01Lc until
ab ∼ 200Lc, radiation dominated era (RDE), Ω0 = 2.

Information from the Universe: Cosmological Branes and Perturbation of Strong Gravity Elcio Abdalla



275

[htb!]

0.1 0.2 0.3 0.4 0.5
x=t/l

1

2

3

4

y=
a/

l

Brane
Null geodesics, v(0)=1.7, v(0)=1.4 and v(0)=1

The trajectory of the brane in the bulk for Ω0 = 2. Other curves are geodesics that
start in the brane with different initial velocities.
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The trajectory of the brane in the bulk for Ω0 = 2, matter dominated era (MDE)
with k = 1. Also null geodesics starting in the brane with various initial velocities.
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The Effect of Shortcuts in Late Times Universes

The shortcuts just found for late times Universes could be used to probe the
extra-dimensionality by the aparent violation of causality in the brane. Thus,
suppose that in τ = t = 0 an object could emit eletromagnetic and gravitational
waves and that we could be able to detect both signs in times τ ′γ and τ ′g. We
compute now the order of magnitude of the advance in time of the graviton. Since
the signals cover the same distance in the brane,

∫ τ ′γ

0

dτγ
ab(τγ)

=
∫ t′g

0

dtg
a(tg)

√
h(a)− ȧ(tg)2

h(a)
. (242)

Here, a denotes the coordinate defining the geodesic in the bulk, and differs from
the coordinate of the brane ab. In terms of the dimensionless parameters y and x,

Information from the Universe: Cosmological Branes and Perturbation of Strong Gravity Elcio Abdalla



278

a = Ly and t = Tx the last integral reads

∫ t′g

0

dtg
a(tg)

√
h(a)− ȧ(t)2

h(a)
=

∫ t′g

0

dtg
l

√
1 +

l2

L2y2
− l2

T 2

ẏ(x)2

y2 + y4L2

l2

. (243)

Using the relation between the time in the brane and that of the bulk we convert
the above expressions in terms of the interval of time of the observer in the brane,

∫ τ ′γ

0

dτγ
ab(τγ)

=
∫ τ ′g

0

dτg
l

dtg
dτg

√
1 +

l2

L2y2
− l2

T 2

ẏ(x)2

y2 + y4L2

l2

=
∫ τ ′g

0

dτg
l

1
h(ab)

√
h(ab) + ȧb(τg)2

√
1 +

l2

L2y2
− l2

T 2

ẏ(x)2

y2 + y4L2

l2

.
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The Friedmann equation implies

∫ τ ′g

0

dτg
l

1
h(ab)

√
y2
bL

2

l2
+ Λ4L2y2

b +
Ω0

yq−2
b

Lqc
l2Lq−2

√
1 +

l2

L2y2
− l2

T 2

ẏ(x)2

y2 + y4L2

l2

=
∫ τ ′g

0

dτg
l

1
h(ab)

ybL

l

√
1 + l2Λ4 +

Ω0

yqb

Lqc
Lq

√
1 +

l2

L2y2
− l2

T 2

ẏ(x)2

y2 + y4L2

l2

=
∫ τ ′g

0

dτg
ab(τg)

1

1 + l2

L2y2
b

√
1 + l2Λ4 +

Ω0

yqb

Lqc
Lq

√
1 +

l2

L2y2
− l2

T 2

ẏ(x)2

y2 + y4L2

l2

.
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Therefore, if L >> Lc >> l we obtain, at second order in Lc/L and l/L,

∫ τ ′g

0

dτg
ab(τg)

(
1− l2

L2

1
y2
b

)(
1 +

1
2
l2Λ4 +

1
2

Ω0

yqb

Lqc
Lq

)(
1 +

1
2
l2

L2y2
− 1

2
l2

T 2

ẏ(x)2

y2 + y4L2

l2

)
.
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Finally,

∫ τ ′γ

0

dτγ
ab(τγ)

=
∫ τ ′g

0

dτg
ab(τg)

[
1 +

1
2

Ω0

yqb

Lqc
Lq

+
1
2
l2Λ4 −

l2

L2

1
y2
b

+
1
2
l2

L2y2
− 1

2
l4

T 2L2

ẏ(x)2

y4

]
.
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Thus, at first order, the time difference between the photon and the graviton is

corrected in the integrand by terms of the order
Lqc
a
q
b
. Today this factor is at most

10−58 and in the time of decoupling 10−46, showing that the time advance of the
graviton can be safely neglected and is of no physical significance, in spite of the
fact that the trajectory of the brane is distinctively different from the null geodesic.
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The Effect of Shortcuts in Early Times Universes

From the analysis developed so far we learned that the periods of evolution of the
Universe differ by the scale that defines the physical significance of the shortcuts.
In an era where ab << Lc, the trajectory of the brane in the bulk differs from the
extreme geodesics by (ab/Lc)2q and the shortcuts do not appear, since the brane
itself provides the graviton geodesic.
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In the period when ab >> Lc, the trajectory of the brane is far from a null
geodesic and shortcuts appear, but they are not significant, since the skin depth of
the graviton in the bulk is defined by the parameter l << Lc << ab. The
difference between the time intervals of the photon and the graviton is of the
order (Lc/ab)q.
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However, from the continuity of the evolution of the brane in the bulk, we expect
that there is also an intermediate situation ab ∼ Lc when physically important
shortcuts could appear, since the evolution of the brane is far enough from a
geodesic. Indeed, in figure 31, rescaling the geodesics in the bulk we can observe
the behaviour of the brane as compared to the geodesics that start in it at a later
time. It is clear that these shortcuts are serious mediators of homogenization of
the matter in the brane in the era before nucleosynthesis [13], [14].
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From the evolution of the brane in the bulk in the intermediate epoch we thus
conclude that there is a critical age tc, after which the gravitational waves leaving
the brane return before the arrival of the photons released at the same time as the
gravitons. The behaviour of the geodesic in the bulk shows that any geodesic
starting in the brane at a certain instant will be singular at a time later than the
critical time, indicating that it will return to the brane. Thus, information leaks
between regions which apparently are causally disconnected at times t > tc.
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The trajectory of the brane in the bulk leaving a = 0.01Lc in the RDE. Geodesics
in the bulk with different initial velocities are exhibited intercepting the brane after
the critical time tc.
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In order to study the horizon problem, we now compare, at a certain time τn
previous to nucleosynthesis, the graviton horizon Rg with the observable proper
distance of the universe (from the radiation decoupling until today) [15]. Since the
graviton evolves in a bulk geodesic,

Rg ≡
∫

dr√
1− kr2

=
∫
dt

a

√
h(a)− ȧ2

h(a)
=
∫
dτ

a

√
h(ab) + ȧ2

b

h(ab)

√
h(a)− ȧ2

h(a)

=
∫ τn

0

dτ

ab

1
1 + l2/a2

b

√
1 + Λ4l2 +

Ω0L
q
c

aqb

(
1 +

Ω0L
q
c

4aqb(1 + Λ4l2)

)
×

×
√

1 +
l2

L2y2
− l2

T 2

ẏ(x)2

y2 + y4L2

l2

, (244)

while in the brane, the size of the observable Universe is R =
∫

dτ
ab(τ).
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We use the known results for the usual particle horizon

R =
1√

Ω0H0ab0

∫ z(0)

z(τ)

z−q/2dz =
2

(q − 2)
√

Ω0H0ab0
(z(τ)1−q/2 − z(0)1−q/2) .

where z(τ) = ab0/ab(τ). Today,

R ∼ 2√
Ω0H0ab0

≡ R0 .
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For the computation of the graviton horizon, we work in a primordial era before
nucleosynthesis. Thus, in the Friedmann equation we can neglect the usual
cosmological term as well as the curvature term. At an epoch between Planck era
and nucleosynthesis, l << ab << H0, it is safe to neglect terms involving l2/L2 in
(244), and we find

Rg ≈
∫ τn

0

dτ

ab

√
1 +

Ω0L
q
c

aqb
+

Ω2
0L

2q
c

4a2q
b

.
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Using the Friedmann equation we get

Rg =
1

Ω1/2
0 H0ab0

∫ z(0)

z(τn)

dz

z2

(
1 + Ω0H

2
0 l

2

2 z4
)

√
1 + Ω0H

2
0 l

2

4 z4

. (245)
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The integral diverges for arbitrarly high redshifts, proving that the horizon problem
is potentially solvable. The behaviour of this integral can be determined. We have

Rg ≈
l

ab0
z(0) .
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Comparing with the size of the Universe today,

Rg
R0
∼
√

Ω0

2
H0lz(0) .

It looks like shortcuts are not enough to solve the horizon problem, since we would
need to go back in time to z(0) ∼ (H0l)−1 ∼ 1029, 1011 times higher than the
redshift at the Planck time in the brane associated with the fundamental scale of
gravity, κ5.

For the time being, lets assume the validity of the theory in such high energies. In
the next section we will argue that, in order to provide a solution to the usual
cosmological problems, inflationary models must use of those high redshifts. We
may note, however, that there are actually two related time scales. In the
primordial Universe the brane is evolving as a part of the bulk, with velocities close
to that of light, and time intervals in the brane correspond to much longer
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intervals in the bulk. In fact, the relation between these scales is obtained from
t0 = τ0 = ab(τ0) = 0 and from

t =
∫ τ

0

dτ

√
h(ab) + ȧ2

b(τ)
h(ab)

.
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For ab << Lc we have τ << l, and one finds, as a consequence

t ≈
∫ τ

0

dτ
ȧb(τ)
h(ab)

=
∫ ab(τ)

0

dab
k + a2

b/l
2

.

This implies, for the example of a closed universe with Ω0 = 2,

t = l arctan
(ab(τ)

l

)
.

Therefore, when ab(τ) ∼ l, that is, when the brane time is τ ∼ 10−67s, the
corresponding bulk time t ∼ π

4 l ∼ 10−11s is much larger than the Planck scale,

t >> M−1
(5) .
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If we assume that quantization is mandatory according to the bulk Planck energy
scale, geodesics that start in the bulk with z(0) ∼ (H0l)−1 should be sufficient to
homogenize the Universe before nucleosynthesis, reaching Rg ∼ 1. In order to
verify this, we have numerically integrated the expression for the distance reached
by geodesics a(t) starting in the brane at ab = l, corresponding to a time
t = π/4l, for k = 1 with Ω0 ∼ 2 (ab0 ∼ H−1

0 ):

Rg =
∫ tf

lπ/4

dt

a

√
h(a)− ȧ2

h(a)
. (246)
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[htb!]
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Null geodesic starting at a = l, t = π/4l with initial velocity v(π/4) = 0.
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The solution of the geodesic equation is given in figure 32. The brane evolves
initially as a geodesic with speed vb ∼ 2 (ab ∼ l) and we exhibit a geodesic with
zero initial speed in the bulk. The point of inflexion in its trajectory is
tf = 2.356l > tc = π

2 l. As we saw before, the brane evolves smoothly after the
transition and the geodesics return to the brane if we wait until tf , see (246).
Although the trajectory diverges near this point, the integrand in (246) is finite
and we can perform the integration, finding

Rg = 2.526 .

Thus, the observable Universe is smaller than the reach of the relic gravitons that
start in a previous era.
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Causal Gravitational Structure

In the last section we learned about the behaviour of null-geodesics for closed
Universes. We can, however, study analytically the whole causal structure of the
gravitational signs for a k = 0 Universe.

The geodesic equation, (234), is quite simple for purely AdS k = 0 space-times

1
a2

da

dt
=

v(0)
a(0)2

. (247)

Thus, a geodesic that starts in the brane at a = a(0) ant t = 0, with initial
veolcity v(0), returns to it when

tr ≈
a(0)
v(0)

.
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The expression for the gravitational horizon can also be integrated

Rg =
∫ tr

0

dt

a

√
h(a)− ȧ2

h(a)
=
∫ tr

0

dt

l

√
1− l

4ȧ2

a4

=
tr
l

√
1− v(0)2l4

a(0)4
. (248)

Using the relation between the returning time and the initial velocity,

Rg =
tr
l

√
1− l4

a(0)2t2r
. (249)

In order to relate the returning time to the redshift, we must integrate the relation
between time of the bulk and time of the brane (??). We already know that from
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a(0) to the critical period of transition a time of tc ∼ l2

a(0) has passed. After that,

the evolution is dominated by the usual term in Friedmann equation and we can
approximate

tr ≈
l2

a(0)
+
∫ ar

Lc

l
dab
a2
bH
≈ l2

a(0)
+
∫ ar

Lc

dab
l√

Ω0H0

a
q/2−2
b

≈ l2

a(0)
+

2l
(q − 2)

√
Ω0H0ab0

(
z−q/2+1
r − 10−15

)
, (250)

where zr must, of course, be greater than the redshift in the transition,
zLc ∼ 1015.
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Substituting back in the expression of the gravitational horizon,

Rg =
[ l

a(0)
+

2
(q − 2)

√
Ω0H0ab0

(
z−q/2+1
r − 10−15

)]
×

√
1−

[
1 +

2a(0)
(q − 2)

√
Ω0lH0ab0

(
z
−q/2+1
r − 10−15

)]−2

. (251)
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When considering the interesting situation of a high initial redshift
z(0) = ab0/a(0) > (H0l)−1, this expression can be approximated by

Rg ≈
l

a(0)

√
4a(0)

(q − 2)
√

Ω0lH0ab0

(
z
−q/2+1
r − 10−15

)
. (252)

Comparing with the size of the horizon today, we find

(Rg
R0

)
zr
≈

√√
Ω0

lH0

(q − 2)

√
z(0)

(
z
−q/2+1
r − 10−15

)
. (253)
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We note, as we did in the last section, that if sufficiently large redshifts were
available, the graviton horizon in a past epoch could be larger than the present
size of the observable Universe.

We argue, however, that those high redshifts could be available even when the
energy density in the brane is not quantized yet. Indeed, if inflation takes place in
the brane high redshifts could be present in the beginning of the inflationary epoch.
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Denoting the redshift when inflation ends by ze, if the size of the present Universe,
R0, is expected to be in causal contact during inflation, we must reach at least a
redshift in the beginning of inflation, z(0), that solves

ab0R0

z(0)
= H−1(ze) .
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The unusual results in brane-world cosmology are expected if inflation ends before
the transition time, when the quadratic term in Friedmann equation dominates. In
this case, we get

ab0R0

z(0)
=

1
Ω0H2

0 lz
4
e

and
z(0) = 2

√
Ω0H0lz

4
e . (254)
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If H(ze)l >> 1, it is simple to note, from equation (??), that the evolution of the
brane in the bulk is not altered during inflation. Thus, we can substitute the
result(254) in the complete expression for the causal gravitational horizon (253),

(Rg
R0

)
zr
≈

√
2Ω0

(q − 2)
H0lz

2
e

√(
z
−q/2+1
r − 10−15

)
. (255)
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This equation tells us that, in the time of nucleosyntesis, when zr ∼ 1010,
Rg/R0 ∼ 1 for a model with inflation ending just before what would be the
Planck era, with ze ∼ 1017 (where zPl ∼ 1018). This proves that successfully
inflationary models ending before the transition time necessarily make relevant
changes in the causal structure of the universe.

We are able to sketch the gravitational horizon for this kind of configuration. In
figure 33 we show the behaviour of the Hubble horizon in comoving coordinates
H−1a−1

b /R0 and the graviton horizon Rg/R0 for an inflationary model ending just
before the Planck era, ze = 1017 and producing the necessary number of e-folds to
solve the horizon problem. The fraction of the Universe in causal contact by
gravitational signs in the nucleosynthesis epoch is just the present horizon R0.
Today, the gravitational horizon would be 105R0.
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We plot in log-log scale the evolution of the fraction of graviton horizon and
the present observable size, Rg/R0 (dashed line) and the same for the Hubble
horizon a−1

b H−1/R0 (solid line), for an inflationary model in the brane that
ends after Planck time (uPL = − log(zPL) = −18), and before transition time
(uTR = −15), in uend = − log(zend) = −17. The present scale would be under the
de-Sitter horizon if redshifts like u(0) = −39 were available. This imply in strong
modifications of the causal structure for gravitational signs after the transition time.
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Conclusions

Studying the shortcut problem in braneworld cosmology from the point of view of
the bulk we have explicitly shown that shortcuts are indeed common in late time
Universes, though they are extremelly small and the time advance of the graviton
can be safely neglected. However, we have also learned that gravitational signs
may leave and subsequently return to the brane even in early times Universes. We
have showed that those shortcuts exist and that the new scale of the model, l,
implies in a minimum time scale for the reception of those signs by an observer in
the brane. Before that critical time, the brane itself evolves like a null-geodesic in
the bulk.
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If high initial redshits were available the shortcuts just found could solve the
horizon problem without inflation. More important however, may be the effect of
those shortcuts with an inflationary epoch in the brane.
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Brane-world models incorporate two changes in the cosmology, namely, the
modified Friedmann equation and the possibility of leaking of gravity in the extra
dimension. Using the first of those modifications, it was shown that, remarkably,
the consistency equation is mantained in the brane-world formalism when the
inflation is guided by a scalar field minimally coupled in the brane [59]. This
consists in bad news for those who expect that brane cosmological configurations
could probe the extra dimensionality of our Universe.
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However, we have showed that if there was an inflationary epoch in the brane
evolution, the causal structure of the universe could be strongly modified. This
could be a sign of an unusual evolution of the perturbations from the time they
cross the de Sitter horizon, H−1, during inflation, through the time they became
causally connected again. In this case, there could be distinct predictions for the
microwave background radiation structure even with the same consistency
equation during inflation. Thus, further investigation on the dynamics of
perturbations in inflationary brane-world models may prove useful to probe the
dimensionality of space-time.
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