
Gauge invariant electrodynamicsmotivated by a spontaneousbreaking of the Lorentz sym-metry
Jorge Alfaro, PUCNEW TRENDS IN QUANTUM GRAVITY IISeptember 8 to 1 1 , 2009Instituto de F�sica� Teorica� - Sao~ Paulo, BrazilCollaboration with L. F. Urrutia( UNAM,Mexico� )

� Motivation� The model� Symmetry algebras� Equations of motion� Covariant Formulation� Modi�ed Maxwell Equations� Insertion in the SME� Final Comments

1



Motivation
Gamma Ray Bursts
G . Amelino-Camelia et al . ,Nature 393( 1 998 ) 763 .

L � 1 0 1 0 Light-yearsPROPOSITION: �v � EEQGproduces the structure of GRB with �t � 1 0� 3 s .EQG � EPl an c k = 1 0 1 9 Gev.2



Dispersion Relation due toQuantum Gravity correc-tions( S trings, Loop QuantumGravity, E�ective Theories)
J . A. , H. Morales-Tecotl� and L. F. Urrutia, Phys.Rev. Lett . 8 4( 2000) 23 1 8 .JA, Phys. Rev. Lett . 94, 221 302 ( 2005)Ultra High Energy Cosmic Rays
In this part of the talk we are concerned with theobservation of ultra high energy cosmic rays(UHECR) , i. e. those cosmic rays with energiesgreater than � 4 � 1 0 1 8 eV.- Although not completely clear, it has been sug-gested that these high energy particles are possiblyheavy nuclei ( we will assume here that they are pro-tons) .- By virtue of the isotropic distribution with whichthey arrive to us, they originate in extragalacticsources .The Greisen-Zatsepin-Kuz'min ( GZK) cuto�-Their propagation in open space is a�ected by thecosmic microwave background radiation ( CMBR) ,producing a friction on UHECR making them release3



energy in the form of secondary particles anda�ecting their possibility to reach great distances .- Cosmic rays with energies above 1 � 1 020 eV shouldnot travel more than � 1 00 Mpc.The Auger Observatory has recently reported hisobservations on the highest energy cosmic rays.They see the GZK cuto� in the ux. But still someof the cosmic rays have a trans GZK energy. Thismeans that Lorentz invariance violation may be nec-essary to explain their presence, if nearby sources ofsuch cosmic rays are not found.

The combined energy spectrum multiplied by E3 ,and the predictions of three astrophysical models .The input assumptions of the models (mass composi-tion at the sources , the source distribution, spectralindex and exponential cuto� energy per charge atthe acceleration site) are indicated in the �gure.4



The modelLet us consider the LagrangianL(F�� ; X�) = � V (F��) � F� ��@�X� ; F�� = �F�� ( 1 )where the dual �eld F� �� isF� �� = 12 �����F�� ; ( 2 )and the X� are just Lagrange multipliers that will�nally impose the condition that the remaining �eldstrength satis�es the B ianchi identity.Our conventions are ��� = d i a g( + ; � ; � ; � ) ;�01 23 = + 1 ; � 1 2 3 = + 1 . To introduce a symmetrybreaking we proceed in the standard way by consid-ering the potentialV (F�� ) = 12 �F2 + �4 �F2 � 2 ; � > 0 : ( 3 )To �nd the vacuum con�guration we have toextremize the e�ective action, sub jected to the con-dition that F�� and X� are constant �elds . Applyingthese requirements to ( 1 ) plus the choice ( 3 ) weobtain @V@F�� = 0 = � � + �F2 �F�� ; ( 4)which is solved by a constant (FEx tr) �� � C�� sub-jected to the condition�F2 � E = � �� = C2 � 0 : ( 5 )5



The expansion around the minimum (C�� ; C�) issuch that F�� ( x) = C�� + a��( x ) ( 6 )X� = C� + X� � ( 7)
Next we consider the equations of motion arisingfrom ( 1 1 ) and show that the Lagrange multiplierX� � is fully determined up to gauge transformationX� �� X� � + @�� . The equations are�a�� : � �����@�X� � � 2 @V@a�� = 0 ; ( 8 )�X� � : �����@�a�� = 0 : ( 9 )Eq. ( 9) establishes that the two form a is closed, i. e.d a = 0 : The Hodge-De Rham theorem says that themost general solution to this is obtained by requiringa = d A + l s ; ( 1 0)where A is a one form, l is a constant and s is anharmonic two-form. S ince in our case we naturallyhave one such form at our disposal, arising preciselyfrom the chosen vacuum, we takes = 12C��d x�d x�which is certainly harmonic because it is constant.Calling d A = f we havea�� ( x) = l C�� + f��( x) : ( 1 1 )
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It is convenient to rename the dimensionless param-eter l = � � 1 : De�ningC�� = 12 �D�� ; B = �4 > 0 ; ( 1 2 )where� = 12( �2 � 1 ) �C��C��� ; � �2 � 1 � �C��C��� > 0 ;( 1 3 )we obtain our �nal actionS(A� ) = Z d4x� � 14 [ 1 � D2B ]D2 � 14 f��f �� �B [ (D��f �� ) + ( f��f �� ) ] 2� ( 1 4)where f��( x) = @�A� � @�A� : We recognize thestandard Maxwell kinetic term in the RHS ofEq. ( 1 4) . The only restriction now is B > 0 ; withD2 arbitrary.
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Symmetry algebras arising fromdi�erent choices of the vacuumVSR: A. G . Cohen and S . L. Glashow, Very specialrelativity, Phys. Rev. Lett . 97 ( 2006 ) 021 601In this section we study the possible vacua allowedby the tensor symmetry breaking and also identifythe corresponding subgroups of the Lorentz groupwhich are left invariant after the breaking. In orderto do this , it is convenient to parameterize the back-ground �eld D�� in terms of three dimensional com-ponentsDi j = � � i jmbm ; D0 i = e i ; � 1 2 3 = 1 ( 1 5 )
[D�� ] = 2664 0 e 1 e 2 e3� e 1 0 � b3 b2� e 2 b3 0 � b1� e 3 � b2 b1 0

3775 ( 1 6 )
which will mix when going to another referenceframe via a passive Lorentz transformation. S ince wehave two vectors that determine a plane we choose acoordinate frame whereb = ( 0 ; 0 ; b) , e = ( 0 ; e2 = j e j sin  ; e 3 =j e j cos  ) ; ( 1 7)8



That is to say, we have chosen the plane of the twovectors as the ( z � y) plane, with the vectorb de�ning the z -direction and  being the anglebetween b and e . In this way the matrix repre-senting the vacuum is
[D�� ] = 2664 0 0 e2 e 30 0 � b 0� e2 b 0 0� e3 0 0 0

3775 : ( 1 8 )
The most general in�nitesimal generator G ,including Lorentz transformations plus dilatations is

G = [G �� ] = � i2664 z x1 x2 x3x 1 z � y3 y2x2 y3 z � y1x3 � y2 y1 z
3775 : ( 1 9 )

Motivated by previous work, we are including con-formal dilatations D among our generators. Withinthis restricted Poincare algebra, this generator com-mutes with the remaining ones corresponding topure Lorentz transformations and can be realized asa multiple of the identity. We do this in order toexplore the possibility of having the largest possibleinvariant sub-algebra after the symmetry breaking.Summarizing, all the two-parameter subalgebras thatleave the vacuum invariant are isomorphic to T( 2 ) ,while the only three-parameter subalgebra , corre-sponding to the case ( E-2 ) , is isomorphic toHOM( 2) . 9



Subcase E-2Here we haveb2 � e22 = 0 ! b = s e 2 ; s = � 1 ( 20)which corresponds to a plane wave VEV.We havey1 = 0 ; x1 = � 2s z ; x2 = � s y3 ; y2 = s x3 ( 21 )Here we are left with a three parameter Lie algebra( z ; x3 ; y3 ) and the generator isG = � z � 2s K1 + i I� + x3 �K3 � s J2 � � y3� s K2 +J3 � ( 22 )De�ningGz = � � 2s K1 + i I� ; Gx = K3 � s J2 ; G y = � � J3 +s K2 � ( 23 )we obtain the algebra[Gz ; Gx ] = 2 i Gx ; [Gz ; G y ] = 2 i G y ; [Gx ; G y ] =0 ( 24)which is isomorphic to HOM( 2) .
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The equations of motion: thepropagating sectorTo study the propagation properties we consideronly the quadratic terms in the LagrangianL0 = � 14 f��f �� � B ( f��D�� ) 2 ; ( 25 )where we recall that f�� = @�A� � @�A� : The equa-tions are� @2A� � @�@�A� � = � 8BD��@� (D��@�A� ) ( 26 )We have veri�ed the consistency of the above whentaking @� .It is convenient to de�neX = D��@�A� ( 27)and to introduce the notationD�k@� = Dk = [D0k@0 � D l k@l ] ( 28 )D0 = Di0@i ( 29)In this way we haveX = � (DjAj + D0A0 ) ; ( 3 0)together with D0@0 = � @lD l : ( 3 1 )1 1



Covariant formulationThe modi�ed dispersion relations are found veryeasily by manipulating Eq. ( 26 ) . In momentum spaceA�(x ) = Zd4x A�( k ) e� i k �x � ( 3 2 )and choosing the Lorentz gauge, these equationsreduce tok 2A� + 2p�( p�A� ) = 0 ; p� � 2 Bp D��k� ( 3 3 )k�A� = 0 : ( 34)The vector p� is proportional to the momentumspace version of the vector D� introducced in Eqs.( 28 ) and ( 29) .Multiplying the �rst relation in ( 3 3 ) by p� , it followsthat: ( k 2 + 2p2 ) ( p�A� ) = 0 : ( 3 5 )Moreover p�A� is gauge invariant. In fact , in coordi-nate space is proportional to D��f�� . S o this com-ponent is physical and has dispersion relation givenby: k 2 + 2p2 = 0 : ( 3 6 )If ( k 2 + 2p2 ) is not zero in Eq. ( 3 5 ) , it follows thatp�A� = 0 . In four dimensions, this condition plus theLorentz gauge leaves two degrees of freedom. Butthe Lorentz gauge permits a further gauge transfor-mation with parameter � such that:@2� = 0 ; ( 3 7)1 2



which leaves only one degree of freedom as it shouldbe. Moreover from the �rst equation in ( 3 3 ) , thisremaining degree of freedom satis�esk 2A� = 0 ; ( 3 8 )so its dispersion relation isk 2 = 0 : ( 3 9)The general solution of ( 3 5 ) is :p�A� = � � 1 ( k ) �( k 2 + 2p2 ) : ( 40)Putting it back into ( 3 3 ) , we getA� = a�( k ) �( k 2 ) + 2 � 1 ( k )k 2 �( k 2 + 2p2 ) p� ; a�( k ) k � =0 ; a�( k ) p� = 0 ( 41 )From ( 41 ) , we get the electromagnetic tensorf�� = ( k�a� ( k ) � k�a�( k ) ) �( k 2 ) + 2 � 1 ( k )k 2 �( k 2 +2p2 ) ( k�p� � k�p�) ( 42 )It represents a plane wave with dispersion relationk 2 = 0 (The magnetic and electric �elds are thenormal ones, perpendicular to k) , plus a plane wavepropagating in the direction k with dispersion rela-tion k 2 + 2p2 = 0.The �elds for the second wave areEj = f0 j = 2( k0pj � k jp0 ) � 1 ( k )k 2 Bj =2 � jk l ( kkpl ) � 1 ( k )k 2 ( 43 )1 3



Notice that E is perpendicular to B , B is perpendic-ular to k , but E is not necessarily orthogonal to k .Moreover, this wave exists only if k 2 � 0.Modi�ed Maxwell equationsr � D = 4��; r � H � 1c @D@t = 4�c J, ( 44)r � B = 0 ; r � E + 1c @B@t = 0 : ( 45 )In componentsDi = ( �i j � 8B e ie j)Ej + 8B e ib jBj ; ( 46 )Hi = ( �i j + 8 b b ib j)Bj � 8B bie jEj : ( 47)
Summary of the dispersion rela-tions and electromagnetic �eldsWe assume the space-time dependence of any �eld tobe proportional to e i (k � x� !t ) , where k is themomentum of the wave and we work with Coulombgauge potential A . The notation isb = f bm g , e = f em g . ( 48 )The expressions of Eqs. ( 28 ) , ( 29) in momentumspace arefDk g = D = � i [!e � k � b ] ( 49)D0 = � ie � k ( 50)There are two main cases : 1 4



( i) DjAj = 0: In this case the dispersion relation is! = j k j . The �elds areB =  f ( e � k̂) k̂ � e + b � k̂g ; ( 51 )E =  f (b � k̂) k̂ � b � e � k̂g : ( 52 )( ii) DjAj � 0 : In this case the dispersion relationand the �elds are! =j k j 2 5 6B 2 ( k̂ � ( b � e ) ) 2 � 4( 1 � 8B e 2 ) f 8B [ ( k̂ � e ) 2 � ( k̂ � b ) 2 ] � 1 gq � 1 6B k̂ � ( b � e )2 ( 1 � 8B e 2 ) ;( 5 3 )B =  fk � (k � b ) � !k � eg ; ( 54)E =  f!k � b � !2e + k( e � k) g : ( 55 )In both cases  is an arbitrary constant. For smallB , the dispersion relation ( 53 ) reduces to! = j k j h 1 + B� 8 k̂ � ( e � b ) + 4( k̂ � b ) 2 + 4( k̂ �e ) 2� i : ( 56 )The anisotropic velocity of light arising from theabove dispersion relation isr k! = c( k̂) = k̂� 1 + 8B � b2 + e 2 � � 4B� ( k̂ � b ) 2 +( k̂ � e) 2� �
+ 8B ( e � b ) � 8B� b � k̂� b � 8B� e �k̂� e : ( 57)
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THE MODEL AS A SECTOROF THE SMEIn order to impose some bounds upon the parame-ters of the model it is convenient to recast thequadratic sector of the action ( 1 4) in the language ofthe S tandard Model Extension and to make use ofthe numerous experimental constraints derived fromit . To begin with, let us recall the dimension of the�elds and parameters involved in the model[A ] = m; [ e ] = [ b ] = m2 ; [B ] = 1m4 ; �B e 2 � =0 ( 58 )Next we make the identi�cation� B ( f��D�� ) 2 = � 14 ( kF ) ����f��f�� ; ( 59)where the tensor ( kF ) ���� , with 1 9 independentcomponents, has all the symmetries of the Riemanntensor and a vanishing double trace. In terms of thematrix elements D�� characterizing the vacuumexpectation values of the electromagnetic tensor weobtain( kF ) ���� = 4B� D��D�� + 12 �D��D�� � D��D�� � � �12BD2 � ������ � ������ � ; ( 60)where D2 � D��D�� = 2(b2 � e2 ) : ( 6 1 )1 6



Next we have to identify the appropriate combina-tions of the components of ( kF ) ���� which arebounded.The �nally required combinations, being dimension-less numbers, are( ��e+ ) jk = 12 ( �DE + �HB ) jk = 6B � b jbk � e jek �13 � b2 � e2 � �jk � < 1 0� 32 ; ( 6 2 )( ��e � ) jk = 12 ( �DE � �HB ) jk � 13 �jkt r( �DE )= � 6B � ( b jbk + e jek ) � 13 �jk (b2 + e2 ) � <1 0� 1 6 ; ( 6 3 )( ��o+ ) jk = 12 ( �DB + �HE ) jk = 6B ( e jbk � ekb j) <1 0� 1 2 ; ( 64)( ��o� ) jk = 12 ( �DB � �HE ) jk = 6B � ( e jbk + ekb j) �23 ( e � b ) �jk � < 1 0� 32 ; ( 6 5 )��t r = 13 t r( kDE ) j = � 2B ( e2 + b2 ) <1 0� 1 5 : ( 6 6 )All matrices from ( 62) to ( 6 5 ) are traceless, with( ��0+ ) jk being antisymmetric ( 3 independent compo-nents) while the three remaining ones are symmetric( 5 independent components each) . The above combi-nations ( 62 ) to ( 66 ) constitute a convenient alterna-tive way to display the 1 9 independent components1 7



of the tensor ( kF ) ���� : The bounds are obtained interms of such combinations referred to the S tandardInertial Reference Frame centered in the Sun.Notice that the bilinears which are odd under theduality transformationse! b ; b! � e. ( 67)are much more constrained than those which areeven. In this way, even though our model is notduality invariant, this transformation seems toexplain the above mentioned hierarchy in the LIVparameters exhibited in Eqs. ( 6 2 ) -( 6 6 ) .In order to obtain more speci�c qualitative conse-quences of the bounds ( 62 ) to ( 66 ) it is convenient toexpress them in the coordinate system de�ned by( 1 7) . Also we introduce the notationx = 6Bp e � 1 0 1 6 ; y = 6Bp b � 1 0 1 6 ; x = j x j ;y = j y j ( 6 8 )We consider only absolute values of the relatedquantities and we focus upon those constraintsarising from Eqs. ( 62 ) and ( 65 ) . The non-trivialcontributions are��� ( �~ e+ ) 1 1 ��� = �� ( x2 � y2 ) �� < 3 ( 69)��� ( �~ e+ ) 2 2 ��� = �� � 1 � 3 sin 2 � x2 � y2 �� < 3 ( 70)��� ( �~ e+ ) 33 ��� = �� 2 y2 + � 1 � 3 cos 2 � x2 �� < 3 ( 71 )��� ( �~ e+ ) 2 3 ��� = �� x2sin 2 �� < 2 ( 72 )1 8



together with( �~ o� ) 1 1 = ( �~ o� ) 22 = j x y cos  j < 32 ( 73 )( �~ o� ) 33 = j x y cos  j < 34 ( 74)( �~ o� ) 23 = j x y sin  j < 1 ( 75 )The allowed region in the ( x � y) plane is shown inFig. 1 where we plot the boundaries of the corre-sponding inequalities . In expressions ( 72 ) , ( 73 ) -( 75 )we consider the lower bound corresponding to themaximum value of the trigonometric function on theLHS of the inequality. This leads tox < 2p ; j x y j < 34 < 1 < 32 ( 76 )The boundary x y = 3/4 is in dashed line. From ( 71 )the most stringent bound arises from  = �/2 andcorresponds to y < 3 � x22r ( 77)The boundary is in dot-dot-dashed line. From ( 70)the most stringent bound arises again from  = �/2 and corresponds toy < 3 � 2x2p ; ( 78 )with boundary in dot-dahed line. The expression( 69) does not provide additional bounds and isplotted for completeness . The corresponding bound-aries are y� = x2 � 3p ; shown in dotted lines in Fig.1 9



1 . An upper bound including all previous ones isgiven by the interior of the circley = 32 � x2r ; ( 79)shown in solid line, and which yields the boundB ( e2 + b2 ) = 1MB4 ( e2 + b2 ) < 2 . 5 � 1 0� 33 : ( 8 0)This bound includes those of Eq. ( 62 ) to Eq. ( 66 ) .All the above relations are valid in the S tandardInertial Reference Frame centered in the Sun.

Figure 1 . Boundaries of the allowed region obtained fromthe constraints in the parameters �~ e+jk and �~ o�jk . The allowedregion is on the inside the dashed, dot-dashed and dot-dot-dashed lines . An excellent approximation for it is the circ leshown in solid line.
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SUMMARY� We have studied a novel way of implementinga model with spontaneously broken Lorentzsymmetry by introducing a constant vacuumexpectation value (VEV) of the �eld strengthhF�� i = C�� ; so our model preserves gaugeinvariance from the very beginning.� There is only one case, given in the subsub-section E-2 , which results in the breaking ofthe Lorentz group to the three generatorssubgroup HOM( 2 ) . All the other cases breakto a subgroup isomorphic to T( 2 ) , with twogenerators .� Anisotropy in the speed of light:The two-way light speed is de�ned by:cTW ( k̂) = 12 � c( k̂) + c( � k̂) � = 1 + 8B � e 2 +b2 � � 4B� � b � k̂� 2 + � e � k̂� 2� ( 8 1 )An appropriate de�nition in this model ofthe anisotropy of the speed of light is�cc � ��� cTW ( k̂) � cTW ( k̂ � � k̂ � n̂� ) ��� ; ( 8 2 )�cc = ���� 4B ( 1 � � k̂ � n̂� 2 ) � b2� b̂ � k̂� 2 + e2� ê �k̂� 2� ���� : ( 8 3 )21



From the last expression we obtain the bound�cc < 4B sin 2� (b2 + e2 ) < 4B (b2 + e2 ) <1 0� 32 ; ( 84)according to ( 8 0) , where � is the anglebetween the vector n̂ and k̂ . The aboveanisotropy measures the di�erence in the two-speed of light propagating in perpendiculardirections in a given reference frame.� Assuming our background �elds e andb might represent some galactic or inter-galactic �elds in the actual era, we obtain avery reasonable bound for the magnetic inter-galactic �eld by assuming that the constantappearing in the action ( 1 4) corresponds toan energy density �� = 14 � ( 1 � D2B �D2 ' 12 � b2 � e2 � ; ( 8 5 )which we can associate to the cosmologicalconstant, since it would represent a globalproperty of the universe. The fact that thisconstant is positive favors � b2 � e2 � > 0 , sothat one can perform a passive Lorentz trans-formation to a reference frame where e = 0 .Suppossing further that this frame, whichdescribes the intergalactic �elds, is concordantwith the S tandard Inertial Reference Frame,22



in such a way that the bounds change bysmall amounts and taking the upper limitj �� j < 1 0� 48 (G e V ) 4 ; ( 8 6 )we obtain the boundj b j < 5 � 1 0� 5 G a u s s ; ( 8 7)which is consistent with observations of inter-galactic magnetic �elds .THANK YOU!
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