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Noncommutative classical dynamics

Lagrangian

L = a vj q̇j − h0(q
j, avj) + a2 v̇i θij vj
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Noncommutative classical dynamics

Lagrangian

L = a vj q̇j − h0(q
j, avj) + a2 v̇i θij vj

Hamiltonian

H(q, p) = h0(q, p)

Dirac brackets

[qj, qk]DB = −2θlk

[qj, pk]DB = δ
j
k

[pj, pk]DB = 0
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Construction of the physical space

Physical space

xj ≡ qj − θjlpl

kj ≡ pj
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Construction of the physical space

Physical space

xj ≡ qj − θjlpl

kj ≡ pj

Hamiltonian

H(q, p) = H(xj + θjlkl, kj)
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Kepler potential - I

Hamiltonian

H
(

xj + θjlk l , k j

)

=
kiki

2M
− κ

√

(xi + θijkj) (xi + θilkl)
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Kepler potential - I

Hamiltonian

H
(

xj + θjlk l , k j

)

=
kiki

2M
− κ

√

(xi + θijkj) (xi + θilkl)

Weak noncommutativity approximation

H
(

xj + θjlk l , k j

)

=
kiki

2M
− κ

r
+

κ

2 r3
θj Lj

Definitions

θlj ≡ 1

2
ǫljkθk , Lj ≡ ǫjilx

ikl

Conserved quantities

H , L2 ≡ LjL
j , θjL

j
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Kepler potential - II

Choosing

θ1 = θ2 = 0 , θ3 = θ 6= 0
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Choosing

θ1 = θ2 = 0 , θ3 = θ 6= 0

Simplified form of the Hamiltonian

H
(

xj + θjlk l , k j

)

=
kiki

2M
− κ

r
+

κ

2 r3
θ L3
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Kepler potential - II

Choosing

θ1 = θ2 = 0 , θ3 = θ 6= 0

Simplified form of the Hamiltonian

H
(

xj + θjlk l , k j

)

=
kiki

2M
− κ

r
+

κ

2 r3
θ L3

Constants of motion

H , L2 , L3 = 0
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Kepler potential - III

Hamiltonian equation of motion

ẋl = [xl , H]PB =
kl

M
− κ

2r3
ǫlij xi θj
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Kepler potential - III

Hamiltonian equation of motion

ẋl = [xl , H]PB =
kl

M
− κ

2r3
ǫlij xi θj

The components of~L in terms of coordinates and velocities

L1 = M x2 ẋ3 − M x3 ẋ2 + κ
M

2r3
θ x3 x1

L2 = M x3 ẋ1 − M x1 ẋ3 + κ
M

2r3
θ x3 x2

L3 = M x1 ẋ2 − M x2 ẋ1 − κ
M

2r3
θ

(

x2
1 + x2

2

)
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Kepler potential - IV

Enforcing the two dimensional motion

L2 = L2
3 =⇒ L2

1 + L2
2 = 0 =⇒ L1 = 0 , L2 = 0 , ∀t

x3 = 0 , ∀t =⇒ ẋ3 = 0 , ∀t
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Kepler potential - IV

Enforcing the two dimensional motion

L2 = L2
3 =⇒ L2

1 + L2
2 = 0 =⇒ L1 = 0 , L2 = 0 , ∀t

x3 = 0 , ∀t =⇒ ẋ3 = 0 , ∀t

The two dimensional Hamiltonian

H =
kaka

2M
+ κ θ

xaǫabk
b

2ρ3
− κ

ρ
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Kepler potential - V

The two dimensional Lagrangian

L =
M

2
ẋaẋa + κ θ

M

2ρ3
ẋaǫabx

b +
κ

ρ
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Kepler potential - V

The two dimensional Lagrangian

L =
M

2
ẋaẋa + κ θ

M

2ρ3
ẋaǫabx

b +
κ

ρ

Equations of motion
dL3

dt
= 0

d(Mρ̇)

dt
− M ρ ϕ̇2 − κ θ

M

2ρ2
+

κ

ρ2
= 0
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Kepler potential - VI

Conserved quantities

L3 = M ρ2 ϕ̇ − κ θ
M

2ρ

E ≡ M

2
ρ̇2 +

L2
3

2Mρ2
+

1

2
κ θ

L3

ρ3
− κ

ρ
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Kepler potential - VI

Conserved quantities

L3 = M ρ2 ϕ̇ − κ θ
M

2ρ

E ≡ M

2
ρ̇2 +

L2
3

2Mρ2
+

1

2
κ θ

L3

ρ3
− κ

ρ

Equation for the orbit

dϕ =

(

1 + κθ
M

2L3ρ

)

1

ρ2

dρ
(

2ME
L2

3

− 1
ρ2 + 2κM

L2

3

1
ρ
− κθ M

L3

1
ρ3

)
1

2
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Kepler potential - VII

Solution

1

ρ
= κ

M

L2
3







1 − e sin





1
(

1 − κ2θM2

L3

3

) (ϕ − ϕ0 − θF (ρ))











e ≡
√

1 +
2EL2

3

κ2M

F (ρ) ≡ −M 2κ

2L3
3

[

4E
(

1 +
EL2

3

κ2M

)

+
(

1 + 6
EL2

3

κ2M

)

κ
ρ

]

(

1 + 2
EL2

3

κ2M

) (

2ME
L2

3

− 1
ρ2 + 2κM

L2

3

1
ρ

)
1

2
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Kepler potential - VIII

Precession of the orbits

ϕ
(1)
− = − π

2

(

1 − κ2θ
M 2

L3
3

)

+ ϕ0 + θ F (ρ
(1)
− )

ϕ
(2)
− = +

3π

2

(

1 − κ2θ
M 2

L3
3

)

+ ϕ0 + θ F (ρ
(2)
− )

(

ϕ
(2)
− − ϕ

(1)
−

)

− 2π = − 2πθκ2 M 2

L3
3
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Harmonic oscillator potential - I

Lagrangian

L′ =
1

1 + M 2ω2θ2

×
(

1

2
Mẋaẋa + M 2 ω2 θ ẋaǫabx

b − 1

2
Mω2xaxa

)
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Harmonic oscillator potential - I

Lagrangian

L′ =
1

1 + M 2ω2θ2

×
(

1

2
Mẋaẋa + M 2 ω2 θ ẋaǫabx

b − 1

2
Mω2xaxa

)

Conserved quantities

l ′ = Mρ2ϕ̇ − M 2 ω2 θ ρ2

E ′ =
1

2
Mρ̇2 +

l′
2

2Mρ2
+

1

2
Mω2

(

1 + M 2ω2θ2
)

ρ2 .
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Harmonic oscillator potential - II

Equation for the orbit

ϕ = ϕ0 +
1

2
arcsin





1 − l′2

ME′ρ2

√

1 − ω2 (1 + M 2ω2θ2) l′2

E′2





− 1

2

Mωθ√
1 + M 2ω2θ2

arcsin





1 − Mω2(1+M2ω2θ2)
E′

ρ2

√

1 − ω2 (1 + M 2ω2θ2) l′2

E′2
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Harmonic oscillator potential - II

Equation for the orbit

ϕ = ϕ0 +
1

2
arcsin





1 − l′2

ME′ρ2

√

1 − ω2 (1 + M 2ω2θ2) l′2

E′2





− 1

2

Mωθ√
1 + M 2ω2θ2

arcsin





1 − Mω2(1+M2ω2θ2)
E′

ρ2

√

1 − ω2 (1 + M 2ω2θ2) l′2

E′2





No limitations on the values ofθ
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Harmonic oscillator potential - III

Turning points - Precession of the orbits

1

ρ2
±

=
ME ′

l′2







1∓

√

1 − ω2 (1 + M 2ω2θ2)
l′2

E ′2

× sin

[

2 (ϕ± − ϕ0)

1 + Mωθ√
1+M2ω2θ2

]}
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Noncommutativity and gravity I

Precession of the orbit from general relativity

(

ϕ
(2)
− − ϕ

(1)
−

)

− 2π =
6πM∗G

c2L
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Noncommutativity and gravity I

Precession of the orbit from general relativity

(

ϕ
(2)
− − ϕ

(1)
−

)

− 2π =
6πM∗G

c2L

Estimate forθ

θ = − 3L3
3

c2LM 4M⋆G
,
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Noncommutativity and gravity I

Precession of the orbit from general relativity

(

ϕ
(2)
− − ϕ

(1)
−

)

− 2π =
6πM∗G

c2L

Estimate forθ

θ = − 3L3
3

c2LM 4M⋆G
,

Calculation ofL3
3

L3
3 = 8π3

(

1 − e2
)

3

2
M 3 a6

τ 3
− 6π2

(

1 − e2
) M 4M∗G θ a3

τ 2
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Noncommutativity and gravity II

Calculation ofθ - Numerical value for the earth planet

θ = −
(

1 − 18
π2a2

c2τ 2

)−1
24π3a5

√
1 − e2

c2MM⋆Gτ 3

≃ −2, 49 × 10−29g−1s
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Noncommutativity and gravity II

Calculation ofθ - Numerical value for the earth planet

θ = −
(

1 − 18
π2a2

c2τ 2

)−1
24π3a5

√
1 − e2

c2MM⋆Gτ 3

≃ −2, 49 × 10−29g−1s

Noncommutative quantum mechanics

[Qj, Qk] = −2i~θlk

[Qj, Pk] = i~δ
j
k

[Pj, Pk] = 0
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Noncommutativity and gravity III

Uncertainty relation

∆Q1∆Q2 ≥ 1

2
~|θ| ≡: l2θ
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Noncommutativity and gravity III

Uncertainty relation

∆Q1∆Q2 ≥ 1

2
~|θ| ≡: l2θ

Numerical value for the earth planet

lθ ≈ 10−28cm
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Noncommutativity and gravity IV

Table 1: The lengthlθ for the planets of the solar system.
Planets lθ (cm)

Mercury 3, 80 × 10−28

Venus 1, 17 × 10−28

Earth 1, 15 × 10−28

Mars 3, 87 × 10−28

Jupiter 9, 72 × 10−30

Saturn 2, 07 × 10−29

Uranus 6, 29 × 10−29

Neptune 6, 48 × 10−29
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